
NUM ERI CAL NEBUL AE





NUM ERI CAL NEBUL AE

Proefschrift

ter verkrijgingvan
degraadvanDoctoraandeUniversiteitLeiden,

opgezagvandeRectorMagni�cus Dr. D.D. Breimer,
hoogleraarin defaculteitderWiskundeen

Natuurwetenschappenendie derGeneeskunde,
volgensbesluitvanhetCollegevoorPromoties

teverdedigenop dinsdag6 december2005
teklokke15.15uur

door

Erik-JanRijkhorst

geborenteAssenin 1974



Promotiecommissie

Promotor: Prof. dr. V. Icke

Co-promotor: Dr. G. Mellema (Astron/UniversiteitLeiden)

Referent: Dr. T. Plewa (Universityof Chicago)

Overigeleden: Dr. F.P. Israel
Dr. W.J.Jaffe
Prof. dr. R. Keppens (FOM-InstituutvoorPlasmafysica“Rijnhuizen”)
Prof. dr. K.H. Kuijken
Prof. dr. N. Langer (UniversiteitUtrecht)
Prof. dr. A.C. Raga (UniversidadNacionalAutónomadeMéxico)
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CHAPTER 1

Numerical methodsfor the dynamical
evolution of Planetary Nebulae

Numericaltechniquesfor solvingtheEulerequationsof hydrodynamicshavebeenunder
continuousdevelopmentfor the past�fty years. Thesealgorithmscanaccuratelyhan-
dle steepgradientsandstrongshocks,which are �o w featuresfrequentlyoccurringin
astrophysicalobjects. Radiative effects like ionization,heating,andcooling often play
a decisive role in the outcomeof the evolution of theseobjectsaswell. Therefore,nu-
mericalsimulationsof astrophysical�o ws shouldin generalincludeboth radiationand
hydrodynamics.Moreover, if onewantsto studyrealisticsystemswithout imposingany
symmetry, three-dimensionalsimulationsarearequirement.Currentsupercomputertech-
nology, with machinesnow consistingof thousandsof processorsinterconnectedby afast
network, makessuchlarge-scale,three-dimensional,radiationhydrodynamicalcalcula-
tionsfeasible.

Oneof themany possibleastrophysicalapplicationsof thesetechniquesis thedynam-
ical evolution of PlanetaryNebulae(PNe). Theseobjectsrepresentthe �nal phasesin
the life of low to intermediatemassstars.During theselatestagesof evolution, thestar
losesmostof its massin aseriesof interactingstellarwinds,producinganextendedshell
of circumstellarmaterial. The hot centralcoreof the star ionizesthis material,which
radiatesin the optical andbecomesobservableasa PN. The interplaybetweenthesuc-
cessiveout�ows,in combinationwith theradiativeprocessestakingplace,determinesthe
morphologyof thePN.

Sinceit is thoughtthatall starsof low to intermediatemassgo throughthePN phase,
understandingtheirevolution is of greatimportance.In this thesis,numericalsimulations
are presentedthat addresssomeof the outstandingissuesin PN research.Resultsof
a numericalmodel wherea fast stellar wind collides with a warpeddisk may explain
theobservedmultipolarmorphologiesof some(proto-)PNe.Calculationsthatfollow the
interactionof an ensembleof photoevaporatingknotsprovide cluesto the evolution of
suchsmallscalestructuresobservedin evolvedPNelike theHelix nebula.

In this introduction,aspectsof thenumericaltechniquesusedto carryout the three-
dimensionalcalculationsaregiven,andsomedetailsof the evolutionaryphasesof PNe
arediscussedaswell. It closeswith asummaryof thethesis.

1



2 Numerical methodsfor the dynamical evolution of Planetary Nebulae

1.1 Numerical method

To calculatethehydrodynamicalevolution of astrophysical�uids numerically, a compu-
tationalmeshis oftenemployed. Sucha meshdiscretizesspaceinto cells,which, for the
caseof regularstructuredmeshes,lie alongmeshlinesthatrunparallelto theco-ordinate
axesof thechosengeometry. In a �nite volumemethod,thestateof thegasin thesecells
representstheaveragestateof thetruedistribution. Thehydrodynamicssolvercalculates
the�ux esthroughtheinterfacesbetweenthecells,whichareusedto updatethestate.Us-
ing sucha procedureensuresthatquantitieslike mass,momentum,andenergy arebeing
conserved.

The hydrodynamicssolver shouldrepresentshocksandcontactdiscontinuitiescor-
rectly, andseveral numericalmethodsthat cando so exist. Oneof theseis the method
introducedby Godunov (1959), which considersthe interactionbetweentwo adjacent
computationalcellsasaRiemannproblem,andis thereforeableto capturediscontinuities
within a few cells. Secondorderextensionsto Godunov's method(e.g.VanLeer1979;
Colella& Woodward1984;Roe1986;Eulderink& Mellema1995)accuratelyrepresent
smooth�o w in regionsaway from thediscontinuitiesaswell.

Anotherway to attainhigh resolutionis providedby thetechniqueof AdaptiveMesh
Re�nement(AMR) (Berger & Colella 1989;Berger & LeVeque1998). The principle
behindthis methodis to increasetheresolutionof thecomputationaldomainin thosere-
gionswhereit is needed,while keepingall otherpartsat a lower resolution. Cells in a
regionof interestare�agged for re�nementusingsomewell chosenre�nementcriterion.
Thesecellsareclusteredinto logically rectangularpatchesfrom which a level of re�ne-
mentwith higherspatialresolutionis constructed.By recursively repeatingthis process,
re�nementlevelsareaddedoneby one,ensuringa propernestingof thepatches.

The techniqueof domaindecompositionis usedto parallelizethe AMR methodfor
distributedmemoryarchitectures.Thecomputationaldomainis dividedinto sub-domains
whicharedistributedovertheavailableprocessorsusingaspace-�llingcurve. Thisestab-
lishesa load-balanceddecompositionof thecomputationaldomainthatminimizesinter-
processorcommunication(e.g.Deiterding2003). A layer of so called `ghostcells' is
implementedaroundeachpatchto connectthosepartsof thecomputationaldomainthat
resideon differentprocessornodes. Theseghostcells alsoturn eachpatchinto a self-
containedentity from theviewpointof thehydrodynamicssolver.

To includetheeffectsof radiationinto thecalculations,the ionizationstateandtem-
peratureof thegasneedto bedetermined(e.g.Frank& Mellema1994a). If theoptical
depthfrom thesourceto eachcomputationalcell is known, thephotoionizationandheat-
ing ratecanbecalculated.Theamountof energy lost throughradiative coolingneedsto
becomputedaswell, for exampleby usingacollisionalequilibriumcoolingcurve. From
this, thetemperatureandionizationfractionsarefound,resultingin anupdatedpressure
for eachcell, therebycouplingtheradiativeprocessesto thedynamics.

To calculatetheopticaldepth,raysneedto betracedfrom thesourceto eachcell. For
aparallelizedAMR codethis is non-trivial, sincethecomputationaldomainis distributed
overseveralprocessors.Moreover, it is sub-dividedinto ahierarchyof patches,requiring
aradicalrethinkof theconceptof ray tracing.This thesispresentsthealgorithmicdetails
of sucha methodfor ray tracing,which is implementedinto thepublicly availableAMR
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hydrodynamicspackageFlash(Fryxell et al. 2000).

1.2 The dynamical evolution of Planetary Nebulae

Theevolutionof a1 � 8M � starconsistsof severalphases.Whenit has�nished burning
hydrogenin its core, it will move away from the main sequencein the Hertzsprung-
Russell(HR) diagramtobecomearedgiant.Hydrogenburningproceedsin ashellaround
thecontractingheliumcore,andin theHR diagramthestarevolvesalongtheRedGiant
Branch.

After helium is ignited in the coreand is convertedinto carbon,the corecontracts
again. The star is now in its AsymptoticGiant Branch(AGB) phase,during which it
burnsheliumandhydrogenin shellsaroundthedegeneratecarboncore.By this time the
sizeof thestarhasincreaseddramatically, andthegravitationalforceat thesurfaceof its
convective envelopeis so small that the outer layerscaneasilyescape,providing ideal
circumstancesfor theformationof adensestellarwind.

Massloss during the AGB phaseis thoughtto be driven by radiationpressureon
dustgrainsthat form in thecool outerlayersof thestar. Pulsationsin theseouterlayers
increasethe mechanicalenergy of the materialandcreateconditionsthat acceleratethe
growth of dustgrains.Collisionsbetweenthedustgrainsandthegascouplethetwo, so
that thegasis draggedalongby thedust,leadingto masslossratesof � 10� 5 M � yr � 1,
andterminalwind velocitiesof � 10km s� 1. TheAGB phaseendswhentheamountof
materialin theenvelopehasbeenreducedto approximately10� 3 � 10� 2 M � .

The starnow entersthe PN phasewhich lastsfor about103 � 104 yr. The tenuous
envelopecontractsandtheeffective stellartemperatureincreasesto � 104 K at constant
luminosity. ThestellarUV photonsgeneratealine drivenwind with arelatively low mass
lossrateof � 10� 8 M � yr � 1, but with velocitiesthatcanreach� 1000km s� 1 andhigher.
Whenthe massin the envelopedropsbelow � 10� 5 M � , nuclearfusion stops,andthe
starcoolsdown to becomeawhitedwarf with amassof � 0:4 � 1:0 M � .

Extensive descriptionsof stellarevolution andmasslossduring theAGB phaseand
beyondcanbe foundin reviews by Iben& Renzini(1983),Habing(1996),andWillson
(2000),or in thetextbookby Lamers& Cassinelli(1999).

Theevolutionarypicturesketchedabovenaturallyleadsto thescenarioof interacting
stellarwinds (ISW) (Kwok et al. 1978). In thePN phase,the fast,tenuousstellarwind
runsinto thedense,slow materialleft behindduringtheAGB. This leadsto theformation
of anouter, aswell asaninnershock,separatedby acontactdiscontinuity. Thesweptup
gascancoolradiatively resultingin athin,dense,outwardsmovingshell.Duringtheearly
phasesof the interaction,whenthe wind velocity is still relatively low, the wind blown
bubble is momentumdriven. Oncethe fastwind reacheshighervelocities,a transition
to energy driven�o w occurs,anda hot bubbledevelops.High energy photonsfrom the
hot centralstar(CS) ionize andheatthe environment,which coolsby recombiningand
emitting emissionline photons. This in�uences the dynamicalevolution of the nebula
andshouldbetaken into account.SeeKahn& Breitschwerdt(1990)andBreitschwerdt
& Kahn(1990)for ananalyticalassessmentof theearlyphasesof theevolutionof PNe.

Althoughobservedpropertiesof sphericalPNecanbeexplainedby theISW scenario,
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Figure1.1: HST observationsof proto-PNetakenfrom Sahai& Trauger(1998). Shown
are(left to right): M1-26,He2-138,andM4-18.

many PNehave anelliptical or bipolarshape.This hasled to thegeneralizedinteracting
stellarwinds(GISW) scenario,which assumesanasphericaldensitydistribution for the
slow AGB wind, with an increasein densityfrom pole to equator(Kahn & West1985;
Balick 1987). Whenthe fastwind runsinto sucha toroidaldistribution, a bipolarshape
emerges. Analytical (Icke 1988)andnumericalwork (Soker & Livio 1989;Icke 1991;
Mellemaetal. 1991;Frank& Mellema1994a,b;Mellema1995,1997)hasshown this to
bea very effective mechanism,which mayevenleadto the formationof jets(Icke et al.
1992;Mellema& Frank1997).

High resolutionHubbleSpaceTelescope(HST) observationsof (proto-)PNehave re-
vealedmorphologiesthat are dif�cult to explain in the context of the GISW scenario.
Especiallytheoftenoccurringmultipolar, point-symmetricmorphology, �rst mentioned
by Schwarzet al. (1992),presentsa greatchallengeto theGISW scenario,andsomere-
searchersevenspeakof `aparadigmlost' (Frank2000).Figure1.1showssomeexamples
of observedmultipolar(proto-)PNe.Thenebulaepresentedin theseimagesclearlyshow
thatsomeadditionalmechanismis neededto explain their shapes.

Onesolutionthatmayresolvethisissueis to invokemagnetic�elds. Three-dimensional
numericalcalculationswherethe magneticcollimation axis is misalignedwith the fast,
bipolarwind resultin point-symmetricmorphologies(Garć�a-Segura1997;Garć�a-Segura
& López2000).Alternatively, theoccurrenceof bipolar, rotating,episodicjets(BRETS)
(Livio & Pringle1996,1997; Clif fe et al. 1995) may explain someobservations. See
Balick & Frank(2002)for a review of thevariousshapingmechanismsfor (proto-)PNe.

Another mechanismthat producespoint-symmetricnebulae was proposedby Icke
(2003),who presentedtwo-dimensionalcalculationsof the interactionof a fast,tenuous
stellarwind with awarpedcircumstellardisk. Suchwarpingcanoccurthrougharadiation
driveninstability, inducedby theCS,whichoriginatesin differencesin radiationpressure
onslightly tiltedannuliatdifferentradii in thedisk(Iping & Petterson1990;Pringle1996;
Maloney et al. 1996,1998). Whenthefastwind hits theinnerrim of sucha disk, a bow
shockdevelopswhich, if radiative cooling is taken into account,leadsto the formation
of a multipolarbubble. Althoughthe two-dimensionalcalculationsshow theunderlying
principlesof theinteraction,three-dimensionalhydrodynamicalsimulationsarerequired
to fully capturethe point-symmetryof the problem. Suchsimulationsarepresentedin
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Figure1.2: Zoomingin onknotsin theHelix. Theknotontheright is designated378-801
in thecoordinatesystemof O'Dell & Burkert (1997).

this thesis.
Apart from their intriguingoverallmorphologies,PNealsoshow alargearrayof small

scalestructures.Theserangefrom fastlow-ionizationemissionregions(FLIERS)(Balick
et al. 1998), to high densityneutralknots (O'Dell et al. 2002). Being the nearestPN,
suchknotsarebestobserved in the Helix nebula (NGC 7293). Groundbasedimaging
revealedthattheHelix containsnumeroushighdensityknots(Meaburnetal.1992,1998),
andobservationswith theHST provideda fully resolvedview (O'Dell & Handron1996;
O'Dell etal. 2004,2005).A sequenceof successivezoomsof knotsin theHelix is shown
in Figure1.2.

Thetotal numberof knotsis currentlyestimatedto lie around10; 000(Meixneret al.
2005),which meansthey containa signi�cant fraction of the total nebular mass.Since
similar knotshave beenobserved in othernearbyPNe as well (O'Dell et al. 2002), it
hasbeensuggestedthat they occur at somestagein all PNe. This would make them
animportantingredientof thematerialthat is fed backinto the interstellarmedium,and
insightinto theprocessesthatcreateandshapetheknotsis required.

From Figure1.2 onecanseethat the knotshave limb brightenedcuspsof material
pointing towards,andextendedtails pointing away from the CS. This implies that the
ionizing radiationfrom the CS is currentlyphotoevaporatingthe knots. Analytical and
numericalinvestigationsinto thehydrodynamicalevolution of a singlephotoevaporating
knot have beencarriedout (e.gBertoldi 1989;Le�och & Lazareff 1994;Mellemaet al.
1998;O'Dell et al. 2005). However, sincealmostall knotsin theHelix occurin groups,
interactionamongthemis likely to take place,makingit desirableto studytheevolution
of anensembleof photoevaporatingknots. Resultsof three-dimensionalcalculationsin-
volving theinteractionbetweentwo knotswerediscussedby Lim & Mellema(2003).In
this thesis,theextensionto simulationsthatfollow theevolution of a completeensemble
of photoevaporatingknotsis presented.

1.3 Thesissummary

This thesisconsistsof two parts.Part I: NumericalMethods(Chapters2, 3, and4) pro-
videsadescriptionof thenumericaltechniquesusedto carryout three-dimensionalradia-
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tion hydrodynamicalsimulations.Part II: AstrophysicalApplications(Chapters5 and6)
presentstwo suchsimulationsin thecontext of PlanetaryNebulae.

In Chapter2, algorithmicaspectsof thenumericalmethodusedto carryout thesim-
ulationsarepresented.Themethodof AMR is discussed,togetherwith its parallelization
throughthetechniqueof domaindecomposition.Detailsof theAMR packageParamesh,
asimplementedin thepublicly availablehydrodynamicscodeFlash, aregiven. Flash is
usedfor all numericalAMR calculationspresentedin this thesis.Wecontinuewith aterse
descriptionof thePPMhydrodynamicssolverand�nish with theimplementationdetails
of theDoric code,usedto calculatethecontributionof radiativeprocesseslike ionization,
heating,andcoolingto thedynamicalevolutionof thegas.

In orderto calculatethis contribution, a valuefor the optical depthfrom the source
up to eachcell in thecomputationaldomainneedsto beobtained.Chapter3 presentsa
novel methodfor ray tracing,calledHybrid Characteristics, that cando so for a paral-
lelizedthree-dimensionalAMR hierarchyof patches.In this approacha ray is split into
independentsections.Eachprocessorcalculatesthelocalcontributionto theopticaldepth
for thoseray sectionsthat run throughits partof thecomputationaldomain.Thesecon-
tributionsaremadeavailableto all processorsin aglobalcommunicationoperation,after
whichthey areinterpolatedandaccumulatedto arriveat thedesiredtotalopticaldepthfor
eachcell.

The interpolationroutinesaredesignedto give the exact valuefor the optical depth
for thecaseof a homogeneousdensitydistribution. Resultsof a testwith a 1=r2 density
distribution show that themethodcalculatestheopticaldepthwith errors< 0:5%in this
case.A shadow castingtestshows that theHybrid Characteristicsmethodis capableof
producingshadowswith verysharpboundaries,comparableto thoseobtainedwith a long
characteristicsmethod.

This chapteralsodiscusses�rst resultsof anapplicationof themethodto thephoto-
evaporationof high densityclumps.In thesesimulations,dueto theeffectivenessof the
AMR, thecomputationaldomaincancontainthesourceaswell astheclumps.It is found
that the interactionof thephotoevaporation�o ws leadsto a region of high density, hav-
ing implicationsfor objectslike cometaryknotsin PNeandbinaryprotoplanetarydisks
(proplyds)in HII regions.

Extensiveweakandstrongscalingtestsof theHybrid Characteristicsmethodarepre-
sentedin Chapter4. The performanceof the methodasa function of sourcelocation,
amountandlocationof re�nement,numberof sources,andmachinearchitectureis inves-
tigated.Thecalculationpartof thealgorithmis foundto scalealmostperfectly, for weak
aswell asstrongscaling. Due to the imbalancein the distribution of ray sectionsover
theprocessorsinherentin theapproachto ray tracingtakenby theHybrid Characteristics
method,almosthalf of thecalculationtime is spentin synchronization.Theperformance
of themethodis foundto be independentof the(relative) locationof thesourceandthe
re�ned region, aswell asof the amountof re�nement. The calculationtime scaleslin-
earlywith thenumberof sources,whereasthesynchronizationtimeaveragesout to a low
value.Uponcomparisonof thecalculationwith thecommunicationtime, it is foundthat
themethodcanbeusedef�ciently for at least� 100processorson theSGIAltix system,
and � 1000processorson the IBM BlueGene/Lsystem. This concludesPart I of the
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thesis.
In Part II, astrophysicalapplicationsof thedevelopednumericalmethodin thecontext

of thedynamicalevolution of PNearepresented.Chapter5 considersthree-dimensional
simulationsof theformationof multipolar(proto-)PNe.In thespiritof theGISWscenario,
the evolution of a fast, tenuousstellar out�ow interactingwith a warpedcircumstellar
disk is calculated.Themechanismfor inducingsucha warpeddisk is brie�y discussed,
togetherwith an equationfor its precessiontime scale. This time scaleis comparedto
the dynamicalandcooling time scalesof the wind blown bubble. Settingthe physical
parametersfor theCS,wind, anddisk to valuesthatareappropriatefor theearlystagesof
PNeevolution,resultsin aparameterspaceapplicableto this kind of objects.

Two-dimensionalsimulationsinvolving two differentapproximationsfor theradiative
cooling arepresented.Oneinvolvesthe useof a collisional equilibrium cooling curve,
whereastheothersimplysetstheadiabaticindex 
 to a low value.Both theseapproaches
leadto similarpoint-symmetricmorphologies,andfor thethree-dimensionalcalculations
thecomputationallylessexpensivetechniqueof usinga low valuefor 
 is applied.

SyntheticH� imagesandposition-velocitydiagramsderivedfrom theresultingthree-
dimensionaldatacubearepresented.Uponcomparisonwith observed(proto-)PNe,sev-
eralgoodcandidatesthatcanbeaccommodatedby thismodelarefound.

In Chapter6, thephotoevaporationof multiple denseknotswith physicalparameters
applicableto knotsin theHelix nebulaarestudied.Thehighenergy photonsthatemanate
from theCSof this evolvedPN induceanionizationfront at theknots,resultingin their
cusp-like appearance.A summaryof observed propertiesof knots in the Helix is pre-
sented,andtheassumptionsandapproximationsthatwentinto thenumericalsimulations
arecarefullymotivated.Thecalculationsuseanapproximationfor theradiative cooling,
andignorestellarevolution, thepresenceof astellarwind, andthediffuseradiation�eld.

Previous numericalstudiesof photoevaporatingknots found a dynamicalevolution
consistingof two phases.First the collapsephase,wheremost of the knot's material
is photoevaporatedby the ionizing radiation. During this phase,the ionizationfront in-
ducesa shock,which getsfocusedtowardsthesymmetryaxisof theknot, resultingin a
small clump of shocked knot material. The collapsephaseis followedby the cometary
phase,wheretheremainsof theshockedmaterialareacceleratedthroughtheOort-Spitzer
`rocket effect'. Thesephasesare in concordancewith analytical resultsobtainedby
Bertoldi (1989)andBertoldi& McKee(1990).

However, for thephysicalparametersappropriatefor theknotsin theHelix, thesim-
ulationsshow a ratherdifferentsequenceof events. First theknot is compressedby the
shock,andsince,for theseparameters,theshockvelocity is higherthanthe velocity of
the ionizationfront, a thick layerof shockedgasdevelopsbetweenthe two fronts. This
makestheshockfocusingalsolesssevere,so that thepartof theshockcloseto theaxis
canoutrunthepartat theedgeof theknot, leadingto a `ring' of increaseddensity. Once
the shockhasleft the backof the knot, an expansionwave is generatedwhich greatly
reducesthedensityinsidetheknot. Whenthiswavehits theionizationfront, anew shock
is induced,acceleratingtheknot for asecondtime.

The condition for which a thick layer of gasbetweenthe shockand the ionization
front candevelop,sothatanexpansionof theknot insteadof acollapsecantakeplace,is
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derivedanalytically. It is shown that this is thesameconditionfoundby Bertoldi (1989)
to discernbetweentwo regimesin his parameterspaceof photoevaporatingclouds.This
meansthattheexpansionphasefoundin oursimulationsis in factquitecommonfor this
typeof process,makingthisanimportanteffect.

Simulationsof a singlephotoevaporatingknot arecomparedfor two differentmeth-
ods: the Hybrid Characteristics,and the C2-Ray method,which is a newly developed
radiationhydrodynamicscodethatis explicitly photonconserving(Mellemaetal. 2005).
It is foundthattheconventionalapproachfor incorporatingradiativeprocesses,asis im-
plementedin for exampletheHybrid Characteristicsmethod,canleadto deviationsin the
outcomeof valuesfor global propertieslike the evaporationtime of the knots. Results
obtainedwith suchnon-conservingmethodsshouldthereforebeinterpretedwith care.

A seriesof three-dimensionalsimulationsof the different interactionsthat cantake
placeamongtwo photoevaporatingknots is presented.A mechanismfor the ef�cient
dispersionof knot materialinto the tail region of anotherknot is found. An overview is
givenof theevolution of global�o w propertieslike theneutralmass,kinetic energy, and
internalenergy of the knots. SyntheticH� imagesareusedto comparethe simulation
resultsto observationsof knots in the Helix, explaining someof the observed features
like wispy emissionbetweentheknots,andtheexistenceof dustandmoleculeslike CO
andH2 in thetail regionsof theknots.

The chapter�nishes with a calculationinvolving the photoevaporationof a whole
ensembleof knots, proving the effectivenessof the Hybrid Characteristicsmethodfor
carryingout largescale,three-dimensional,radiationhydrodynamicalsimulations.



Part I
Numerical Method
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CHAPTER 2

3D radiation hydrodynamics

Numericalmethodsfor high resolutionmulti-dimensionalastrophysical�uid �o w simu-
lationsarediscussed.We give an outline of the techniqueof adaptive meshre�nement
(AMR) andits parallelization,andpresentdetailsof a particularAMR implementation
usedin theFlashcode.Webrie�y recapitulatethepiecewise-parabolicmethodfor hydro-
dynamics,anddescribetheradiativeprocessesweimplementedusingtheDoric package.
A list of currentlyavailablepublicAMR hydrodynamicscodesis alsogiven.

11
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2.1 Intr oduction

Theneedfor high resolutionmulti-dimensionalastrophysical�uid �o w simulationshas
led to the developmentof a variety of numericaltechniques.Especiallyfor the caseof
three-dimensionalcalculations,therequirementsonmemoryandCPUspeedaredemand-
ing, andoftenbeyondcurrentsingleprocessormachines.Therefore,in orderto perform
this typeof calculations,oneneedsto resortto multi-processorsupercomputersandtech-
niqueslikedomaindecompositionandadaptivemeshre�nement(AMR). Modernshock-
capturingsolversfor thehydrodynamicsshouldbeappliedaswell.

In Section2.2 we discussthe speci�cs of a particularlyef�cient approachto AMR.
Wealsodescribesomeof thedetailsof theAMR methodimplementedin theFlashcode,
which wasusedfor all the simulationspresentedin this thesis. Section2.3 givesa de-
scriptionof the piecewise-parabolicmethod,a �nite volumehydrodynamicssolver im-
plementedin Flash. The evolution of PlanetaryNebulae, which are the astrophysical
applicationsof this thesis,alsorequirea properhandlingof radiative processeslike ion-
ization,heating,andcooling,which is describedin Section2.4. In Section2.5weoutline
someof thepracticaldetailson how extensionsto theFlashcode,like theradiative pro-
cessesjustmentioned,canbemade.We�nish thischapterwith alist of publicly available
AMR hydrodynamicscodesin Section2.6.

2.2 AdaptiveMesh Re�nement

Numericalmethodsfor �uid �o w have in commonthat they somehow needto discretize
space.To thisendacomputationalmeshconsistingof cellsis oftenused.Suchameshis
de�ned by a collectionof nodesandtheconnectivity betweenthem. A meshcaneither
bestructuredor unstructured.

For unstructuredmeshes,the connectivity needsto be speci�ed for eachnode. An
exampleof anunstructuredmeshis theDelaunaytriangulation,whereacell is de�ned as
thesimplex (triangles,tetrahedra)of thedimensionalityof themesh.Althoughunstruc-
tured mesheshave beensuccessfullyapplied in �elds like aerodynamics(e.g. Löhner
1987;Luo etal. 2000),they havenotbeenverypopularfor calculatingastrophysical�uid
�o ws,notableexceptionsbeingWhitehurst(1995)andXu (1997).Instead,for astrophys-
ical applications,themesh-less,particle-basedmethodof smoothparticlehydrodynamics
(SPH)hasbecomewidely used(e.g.Monaghan1992;Springeletal. 2001).

For structuredmeshes,theconnectivity is implicitly givenby theorderof thenodes.
Thegeometryof themeshcategorizesthedifferenttypesof structuredmesh:aconformal
meshhasanarbitrarygeometry, whereasaregularmeshhasmeshlinesthatrunparallelto
thecoordinateaxesof thechosengeometry(e.g.Cartesian,polar, spherical,cylindrical).
Whenall cellsin a regularstructuredmeshhavethesameshape,it is calledisotropic.For
theirsimplicity andeaseof implementation,it is theseisotropicregularstructuredmeshes
thatareusedmostoftenin mesh-basedmethodsfor astrophysical�uid �o ws,andit is this
typeof meshthatwehaveusedthroughoutthis thesis.
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2.2.1 High resolutionmeshes

Numericalmethodsfor astrophysical�uid �o w usingstructuredmeshesarelimited in the
resolutionthey canobtain.Dependingontheapplication,limits aremainlysetbymemory
capacityandCPUspeedof themachineusedto do thecalculation.In orderto improve
on this,a numberof differenttechniqueshasbeendeveloped.Theprinciplebehindthese
techniquesis to increasetheresolutiononly in thoseregionsof thecomputationaldomain
whereit is needed,while keepingall other partsof the domainat a lower resolution.
In astrophysicalapplications,the regionsthat shouldbe resolved at high resolutionare
typically thoseregionswhereshocksandcontactdiscontinuitiesoccurin the �o w. This
implies that the methodneedsa mechanismto determinewherethese�o w featuresare
locatedin the computationaldomain. Below we will describetwo approachesthat are
capableof attaininglocalhigh resolutiononacomputationalmesh.

Moving meshes

Oneof thetechniquesthat implementstheideaof locally increasingtheresolutionis the
socalled`moving meshmethod'(e.g.Gnedin1995;Pen1998).For thismethod,cellsare
allowedto changeshapeandpositionin orderto increasethe resolutionin certainparts
of thedomain.Thechangein shapeof thecells is controlledby a conditionthat tries to
keeptheresolutionin massconstant.

Sincethe total numberof cells available is �x ed, thesemethodsarealsoknown as
`penaltymethods'(Quirk 1991),becauseanincreasein resolutionin onepartof thedo-
main must leadto a decreasein resolutionin anotherpart. The fact that cells canhave
arbitraryshapescomplicatesthemethod;limits oncell distortionhaveto besetto prevent
meshentanglementandpreserveaccuracy, andthe�o w solverneedsto bemorecomplex
thanonesthatcanbeusedwith anisotropicmesh.

Adaptive re�nement for regular structured meshes

Anotherapproachto attaininghigh resolutionin numerical�uid �o w simulationsis to
adaptively re�ne certainpartsof the computationaldomain. This meansthat cells in a
region of interestare �rst �agged for re�nement usingcertaincriteria (for details,see
Section2.2.2). After this, cells of smallersizeareaddedto the �agged regionsof the
meshby creatinga new level of re�nement. By recursively repeatingthis process,levels
areaddedoneby one,in principle leadingto anarbitraryhigh resolution.Since,during
a simulation,theregionsthatneedto bere�ned arein generalmoving throughthemesh,
there�nementshouldchangeaccordingly, i.e. it shouldadaptto changesin the�o w.

In orderto storethe newly createdcells, two differenttechniquescanbe used.One
approach,known as`cell-basedAMR', is to storeeachindividual cell in a tree-like data
structure(seefor exampleFalle & Raga(1993);Ragaet al. (2000b);Lim & Mellema
(2003)).

An alternative andmoresophisticatedrouteto adaptive re�nement is to �rst collect
newly createdmeshcells into a numberof patches,andto storethesepatchesin a data
tree. This technique,referredto as`block-structuredAMR', or simply `AMR', wasin-
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Figure2.1: Exampleof a Morton (or Z) space�lling curve for block-structuredAMR.
Threepatchesandtwo levels of re�nementareshown. Using this curve andappropri-
ateworkloadcalculationsfor eachpatch,a load-balanceddistribution of patchesamong
processornodescanbeachieved.

troducedby Berger& Oliger (1984).Sinceits conception,numerousimplementationsof
this methodhave followed,includingversionsthatareparallelizedfor distributedmem-
ory machines(e.g.Berger& Colella1989;Quirk 1991;Neeman1996;Berger& LeVeque
1998;MacNeiceetal. 2000;Plewa& Müller 2001;Keppensetal.2002;Deiterding2003;
O'Sheaetal. 2004).

In Section2.2.2we give a moredetaileddescriptionof thedifferentstepsthatmake
up a block-structuredAMR algorithm,but �rst we brie�y discussthe methodof paral-
lelization.

Domain decompositionfor AMR

In orderto parallelizeanAMR algorithmfor distributedmemorymachines,a technique
known as 'domaindecomposition'is used. Like its namesuggests,the computational
domain is divided into sub-domainswhich are distributed over the available process-
ing nodes. To decidewhich part of the domainshouldbe on which node,a so called
space-�lling curve is used. Such a curve mapsthe distribution of cells onto a one-
dimensionalarray(seeFigure2.1). After identifying which partof thecurve represents
which patches,andcalculatinga measurefor the amountof work to be donefor each
patch,a load-balanceddecompositionof thecomputationaldomainthatminimizesinter-
processorcommunicationscanbeestablished.Seefor exampleDeiterding(2003)for an
implementationof sucha method.
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2.2.2 Block-Structured AMR

A numberof Ph.D.theseshasbeenwritten on thesubjectof AMR (Berger 1982;Quirk
1991;Neeman1996;Deiterding2003)andampledocumentationis availablein theliter-
ature. Therefore,in this section,we summarizethedifferentaspectsof AMR, andrefer
theinterestedreaderfor moredetailsto theseworks.

The algorithmfor block-structuredAMR consistsof a numberof steps.First, cells
in thecomputationaldomainthat ful�ll certaincriteriaare�agged for re�nement.These
cellsarethenclusteredinto logically rectangularpatchesusinga patternrecognitional-
gorithm. From thesepatches,a new level of re�nement is createdwhich containscells
thataresmallerthantheunderlyingcoarsercellsby a re�nementfactorr . Thestatevec-
tor of thesenewly createdcells is �lled throughinterpolationfrom thecoarselevel in a
procedurecalledprolongation.By recursively addingre�nementlevels,a propernesting
of patchescontainedin differentlevelsof re�nementis ensured.

Around eachpatch,a layer of so called`ghost' cells (alsoreferredto as`guard' or
`dummy' cells) is allocated. Thesecells areusedto make eachpatcha self-contained
entity that, from the viewpoint of the �uid �o w solver, canbe integratedas if it wasa
singlemesh.Beforetheactualintegrationtakesplace,thestatevectorsof theghostcells
needto be �lled, eitherby directly copying themfrom a neighboringpatch,or through
prolongationfrom cells at the coarserlevel below. Whenthe ghostcells of a patchare
locatedat a physicalboundaryof the computationaldomain,an appropriateboundary
conditionneedsto be set. For a parallelizedAMR algorithm,ghostcells arealsoused
to connectpartsof thedecomposedcomputationaldomainthatareresidingon different
processornodes.

Besidesre�nement in space,the AMR methodalso facilitatesre�nement in time.
Sincecellsata coarserlevel arelargerthanthoseat morere�ned levels,thecoarserlevel
canbe integratedwith a larger time step.Whenthealgorithmcyclesthroughthere�ne-
mentlevels,it appliesmoreandsmallertimestepsat �ner levels,resultingin comparable
Courantnumbersfor eachlevel.

In orderto ensureconservation,�ux esat boundariesof coarsercellsthatareabutting
cells from a �ner level needto be replacedin a �ux-correction step. Furthermore,after
a �ner level hasbeenupdated,its statevectorsareprojectedontotheunderlyingcoarser
cellsin aprocedurecalledrestriction.

The fact that structuredmesheswith differentgeometryare topologically identical
allowsre�nementof all of thesemeshtypesthroughtheblock-structuredAMR approach.
Only thosestepsin thealgorithmthatinvolvethegeometryof themesh,likeprolongation,
restriction,and�ux correction,needadifferentimplementationfor eachgeometry.

Figure2.2 schematicallyshows the sequenceof stepstaken by the AMR algorithm.
In thefollowing Sections,moredetailson theseindividualstepsarepresented.

Flagging for re�nement

Beforeactualre�nement takesplace,cells needto be �agged. To this end,appropriate
re�nementcriterianeedto beapplied.Dependingon theapplication,thesecriteriaoften
needto betunedsoasto producetherequiredamountof re�nementin thedesiredloca-
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flag cells

create patches

calculate fluxes (solver)

flux correction

update state

restrict solution

transfer solution (copy/prolong)

set ghost cells (copy/prolong)

order AMR hierarchy

load balance/redistribute patches

Figure2.2: Individualstepstakenby theAMR algorithm.

tionsof thecomputationaldomain.Thefollowing re�nementcriteriaarecommonlyused:
re�nementon threshold,derivative,truncationerror, or acombinationof these.

Re�nementon thresholdis usedwhenit is desirablethatregionswherethestatevec-
tor hasa particularvaluestayre�ned throughoutthe simulation. Re�nementusingthe
(density)gradientworks well for locatingdiscontinuitiesin the �o w. Also, the second
derivativecanbeusedasa re�nementcriterionto trackthesediscontinuities(seeSection
2.2.3).

Berger& Oliger (1984)promoteda re�nementcriterionthatusesanestimatefor the
local truncationerrorderivedusingRichardsonextrapolation.Thiscriterionis de�nedby
comparingthesolutionfor a certainre�nementlevel whenintegratedfor two time steps
� t, with theonefoundwhenintegratinga two timescoarsermeshfor a time step2� t.
Althoughthisapproachis strictly valid only in regionsof smooth�o w, it alsogiveslarge
valuesfor the error estimatein regionswherediscontinuitiesoccur, andwill therefore
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Figure2.3: On the left, an exampleof cells �agged for re�nement (darkgrey) at a dis-
continuity in the �o w and a correspondingsingle layer of buffer cells (light grey) are
indicated.On theright, apossibleoutcomeof there�nementprocedureis shown.

re�ne these�o w featuresaswell (Berger& Oliger 1984).

In mostimplementationsof AMR, aftercellshave been�agged usingthere�nement
criteria, oneor moreextra layersof so called `buffer' cells aroundthe already�agged
cells arealso�agged (cf. Figure2.3). This ensuresthat discontinuitiesin the �o w are
never dere�nedduringa simulation,which is oneof the secretsto thesuccessof AMR
(Quirk 1991).

Creatingnew patches

Whencellsfromacertainlevelhavebeen�aggedfor re�nement,they needto beclustered
into logically rectangularpatches(Figure2.3). Oneway to createthesepatchesis to use
a patternrecognitionmethod(Berger & Rigoutsos1992;Bell et al. 1994). This method
calculatessocalled`signaturelists' alongeachcoordinatedirection.At placeswherethe
secondderivativeof theselists changessign,boundariesbetweenpatchesarelocated.

Anothermethodis to startwith theminimal boundingbox of the�agged cellsandto
recursively bisectit, wheresubdivision takesplacealongthe longestpatchside(Quirk
1991).Subdivision is haltedwhentheratio of thenumberof �agged cellsto thenumber
of total cellsin apatchis largerthansomechosenlevel of tolerance,or whenaminimum
allowedpatchsizeis reached.

New patchesneedto be merged with the existing AMR hierarchyand distributed
amongtheavailableprocessingnodes.Bothmethodsjustdescribedresultin non-overlapping
patches,which is desirablesincethis simpli�es the transferof solutionprocedure,de-
scribedin thenext section.
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Figure2.4: Patchescreatedduringtwo consecutive iterations.Thestatevectorof cellsin
overlappingregionscanbecopieddirectly, whereasvaluesfor cells that lie outsidethis
region of overlap(shown in grey) needto beobtainedthroughprolongationfrom cellsat
thecoarserlevel below.

Transfer of solution

Whennew patcheshave beencreated,their statevectorsare set in a procedurecalled
`transferof solution'. This procedureshouldbeconservative andmonotonicitypreserv-
ing.

In general,the newly createdpatchesoverlapwith the patchesfrom the previous it-
eration,so valuesof statevectorsfor cells locatedin theseregions of overlap can be
copieddirectly(seeFigure2.4).Valuesfor statevectorsof cellsthatlie outsidetheregion
of overlapneedto be obtainedfrom the underlyingcoarsergrid throughthe processof
prolongation.

Updating ghostcells

Eachpatchhasoneor more layersof ghostcells allocatedaroundit. The numberof
layersdependson the sizeof the stencil requiredby the �uid �o w solver (seeSection
2.3). This layer is implementedfor a numberof reasons:it facilitatesa straightforward
implementationof thesolver, it providesameansto setexternalboundaryconditions,and
it connectssub-domainsthatarelocatedon differentprocessornodes.

After re�nementhascompleted,andbeforethe �uid �o w solver is called,the state
vectorsof theghostcellsof all patchesin existencein theAMR hierarchyshouldbeset
to their appropriatevalues.Dependingon thelocationof a patch,thesevaluesstemfrom
different sources(seeFigure 2.5). Valuesare copieddirectly from thoseneighboring
patchesthat areon the samere�nement level asthe patchunderconsideration,andare
prolongedfrom thosepatchesthatareona coarserlevel of re�nement.

Whena ghostcell lies at a boundaryof the domain,the appropriateconditionsare
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Figure2.5: Exampleof theprocedureof ghostcell update.A singlelayerof ghostcells
is shown. Someghostcellscanbecopieddirectly (darkgrey) from a neighboringpatch
at thesamere�nementlevel, whereasothersneedto beprolongedfrom thecoarserlevel
below (light grey). Ghostcells of the patchat the coarselevel aresetthroughexternal
boundaryconditions.

Figure2.6: Illustration of the �ux correctionprocedure.At coarse-�neboundaries,the
�ux esfor coarsecells (light grey) needto be replacedby onescombinedfrom the �ne
cells.After thecorrection,statevectorvaluesfrom the�ne level patchareusedto replace
thecoarsecell valuesthatlie directlyunderneath(darkgrey) in aprocesscalledrestriction.

applied. Examplesof boundaryconditionsare: in�o w, out�ow, re�ective, periodic,or
hydrostaticconditions.Ghostcells that lie at a boundarybetweensub-domainsthat are
on differentprocessorsare�lled throughinter-processorcommunicationprocedures.

Flux correction

After all ghostcellsare�lled, the �uid �o w solver is calledfor eachpatch.For a �nite-
volumescheme,�ux esacrosscell facesarecalculatedandusedto updatethestatevector
in eachcell (Section2.3). Sucha schemeis conservativeby construction:what is added
to onecell mustbe taken from another, andonly at �ne-coarseboundariesa correction
needsto beapplied(seeFigure2.6).

At theseboundaries,the �ux at thecoarselevel is replacedby thesumof the �ux es
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Figure2.7: 2D exampleof re�nementasemployedby Paramesh(left). Eachpatchcon-
sistsof 4x4cells.Thecorrespondingquad-treedatastructureis shown ontheright, where
eachdot indicatesa singlepatch.

from the �ne level. Whenthe �ux correctionstephas�nished, all statevectorscanbe
updated. To retain a consistentsolution throughoutthe completeAMR hierarchy, all
levelsneedto restricttheir solutionsto thecoarserlevel below (Figure2.6).

2.2.3 AMR in Flash: Paramesh

In this sectionwe give somedetailsof the AMR packageParamesh(MacNeiceet al.
2000),as implementedin the Flash code. We describethe differencesof approachto
AMR with theoneby Berger& Oliger (1984).

Insteadof usingrectangularpatchesthatmayhavearbitrarysizes,Parameshemploys
patchesthatall have thesamedimensions.Re�nementis implementedby subdividing a
patch(cf. Figure2.7),wheretheconnectivity betweenpatchesis storedin atree-typedata
structure(quad-treein 2D, oct-treein 3D).

Thereareanumberof advantagesto thisapproach.First,thereis noneedfor apattern
recognitionstep,sincecellsareclusteredinto patchesby default. Second,sincepatches
from differentre�nementlevelsfully overlap,theproceduresof prolongationandrestric-
tion areparticularlyeasyto implement. Furthermore,domaindecompositionand load
balancingbecomesa straightforwardprocess.

Therearealsoa few drawbacks. Sinceeachpatchneedsa layer of ghostcells, and
since, for a typical simulation,a large numberof patchesis needed,Parameshhasa
largermemoryoverheadthantheapproachof Berger& Oliger(1984).This largenumber
of ghostcells also resultsin more time spentin communicatingtheir valuesbetween
processornodes.

Besidesre�nementin space,theapproachof Berger& Oliger(1984)alsoimplements
re�nement in time. In Flash however, no re�nement in time is applied. Instead,each
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level is integratedwith thesamesmalltimestep,dictatedby theCourantconditionon the
�nest level. Naively, onemayexpectthis to impair theperformanceof themethodsince
moretime stepsaretakenon thecoarserlevels thanarestrictly needed.However, since
thebulk of thecellsis locatedat the�nest level, this is wheremostof thecomputingtime
is spent,sousinga singlesmall time stepat all levelsdoesnot have a seriousimpacton
theoverall performanceof thecalculation(seeDursi & Zingale2004,for anassessment
of this issue).

As a re�nementcriterion,Flashusesa modi�ed secondderivative (seeLöhner1987;
FlashUser's GuideV2.5). This criterionemploys a smallconstantto besetby theuser,
whichpreventsre�nementwhensmallripplesoccurin the�o w.

2.3 Hydr odynamics

Many numericalmethodsfor solvingEuler'sequationsof compressiblegasdynamicsex-
ist. In astrophysicalapplicationssteepgradients,strongshocks,andcontactdiscontinu-
itiesoftenoccur, soalgorithmsthatcanaccuratelydealwith thesephenomenaareof great
interest. For an extensive overview of the differentmethods,we refer the readerto the
textbooksby Laney (1998)andLeveque(2002).

Oneparticularlysuccessfulclassof solvers,introducedby Godunov (1959),consid-
erstheinteractionbetweentwo adjacentcomputationalcellsasaRiemannproblem.This
approachhastheadvantagethatshocksandcontactdiscontinuitiesarecapturedautomat-
ically. Theconstantaveragestatein thecellsservesasinitial conditions,and�ux esat the
interfaceareobtainedusingan(approximate)solutionto theRiemannproblem.

Whenthevalueof thestatein a cell is takento betheaverageof thetruedistribution,
andwhen�ux esacrosscell boundariesareusedto updatethecells,onespeaksof a �nite
volumemethod.Suchanapproachhastheimportantpropertythatit explicitly conserves
mass,momentum,andenergy.

Secondorderextensionsto Godunov's �rst ordermethodweredevelopedby several
authors(e.g.Van Leer 1979;Colella & Woodward 1984;Roe1986),andthe following
sectiongivesa tersedescriptionof oneof them.

2.3.1 The piecewise-parabolicmethod

For thepurposeof completeness,this sectionbrie�y recapitulatesthedirectEulerianver-
sionof thepiecewise-parabolicmethod(PPM)asimplementedin Flash. PPMwasused
for all 3D AMR simulationspresentedin this thesis.For mathematicaldetailsonemay
consultthe original papersby Colella & Woodward (1984)andColella & Glaz (1985),
andthedescriptionsgivenin Fryxell et al. (2000)or theFlashUser's Guide(V2.5).

PPM solvesEuler's equationsin two steps.First, thevalueof theaveragestatein a
cell is approximatedby aproperlyconstrainedparabolicfunction. In asecondstep,these
parabolaeareusedto constructtheinitial statesfor a Riemannproblem,which is solved
usinganiterativemethod.

In the �rst step,valuesfor theprimitive variablesat the interfacebetweencomputa-
tional cellsareobtainedby higherorderinterpolationof theaveragestatein thecells.To



22 3D radiation hydrodynamics

this end,a cubicalpolynomialis chosensuchthat,whenintegratedover space,it repro-
ducesthe averagestatein the cells. Using a slopelimiter, a resultinginterfacevalueis
restrictedto lie betweentheaveragevaluesof its neighboringcells. Theinterfacevalues
thusobtained,togetherwith theaveragestatein thecell, areusedto constructa parabola
which is also constrainedto have the averagevalue when integratedover the cell. A
specialalgorithmto detectcontactdiscontinuitiesis usedto steepenthemassdensitypro-
�le by applyingthesameslopelimiter just mentioned,whereasa �attening procedureis
usedin regionsnearshocksto preventoscillationsfrom developingin the �o w. Also, a
monotonicityconstraintis appliedto ensurethat the parabolaonly acquiresvaluesthat
lie betweenthecorrespondinginterfacestates.It is this constraintthat introducesjumps
betweeninterfacevaluesof thedifferentparabolae,giving themethodits name.

Oncetheparabolicdistributionof thestateis known, it is usedto derivetheinitial con-
ditionsfor theRiemannproblem.Characteristicsaretracedbackin time from thecell in-
terfacesothatthepropercontributionby eachwavefamily to thestatecanbedetermined.
Thesolutionto theRiemannproblem,for which therarefactionfanis approximatedby a
linearinterpolationbetweentheheadandthetail of this wave, is obtainedusinga secant
iterationscheme.

In spiteof the �attening procedurementionedabove, a small amountof additional,
multidimensionaldissipationneedsto be appliedin shocks.Apart from reducingpost-
shockoscillations,thishastheadditionaladvantageof providingaweakcouplingbetween
cellsin differentcoordinatedirections.

2.4 Radiativeprocesses

To properlymodelthedynamicalevolution of PlanetaryNebulae,thein�uence of radia-
tive processesshouldbe taken into account. This meansthat the effectsof photo-and
collisionalionization,photoheating,andradiativecoolingneedto becalculated.By trac-
ing rays from the stellar sourceto eachcell in the computationaldomain,the column
densityN (r ) atpositionr is obtained.Theopticaldepthis thengivenby

� � (r ) = a� (HI) N (r ) ; (2.1)

with a� (HI) thefrequency dependenthydrogenabsorptioncrosssectionwhichhasafunc-
tional form

a� = a� 0

�
� (� =� 0)� s + (1 � � )( � =� 0)� s� 1

�
; � > � 0 ; (2.2)

wherea� 0 = 6:3 � 10� 18 cm2, � = 1:34, ands = 2:99 (Osterbrock1989). A method
for tracingraysthroughadomaindecomposedAMR hierarchyof patchesis presentedin
Chapter3.

Oncetheopticaldepthupto eachcell faceis known, theionizationfractionsandtem-
peraturecanbecomputed.For thiswe useasimpli�ed versionof theDoric routines(see
Mellema& Lundqvist2002;Frank & Mellema 1994a). In the following sections,we
summarizetheway in which theseroutinescalculatetheionization,heating,andcooling
rates(for moredetailsreferto Frank& Mellema1994a).AlthoughtheDoric packageis
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capableof handlinga largenumberof species(H, He, C, N, O, andNe), we usehydro-
genasthe only gascomponentin orderto keepthe complexity of our simulationsto a
minimum,andwewill thereforedescribejust this case.

2.4.1 Ionization

Theionizationfractionsof hydrogenaregivenby

x(HI ) =
n(HI )
n(H)

; x(HI I) =
n(HI I)
n(H)

; (2.3)

with
n(H) = n(HI ) + n(HI I) (2.4)

thetotal hydrogennumberdensity. Theelectronnumberdensityfollows from

ne = n(HI I) + n(C); (2.5)

wherethe numberdensityof carbonis includedto prevent the possibilityof ne = 0 by
assumingthatcarbonis alwaysat leastsingly ionizeddueto abackgroundFUV �eld.

For hydrogen,the numberof photoionizationsper secondis given by (Osterbrock
1989)

Ap =
Z 1

� 0

4� J�

h�
a� (HI) d� ; (2.6)

with J� the local meanintensity of the radiation�eld and � 0 the hydrogenionization
thresholdfrequency.

Thenumberof collisionalionizationspersecondis calculatedusing

Ac = Ac(HI )ne

p
T exp(� I (HI) =kT) (2.7)

with Ac(HI) = 5:84� 10� 11cm3K � 1=2, andI (HI) thehydrogenionizationpotential(Cox
1970).

For the on-the-spotapproximation,the radiative recombinationrateis given by (cf.
Osterbrock1989)

� B = � B (104K)
�

T
104

� � 0:7

; (2.8)

with � B(104K) = 2:59� 10� 13 cm3s� 1. Thetemperatureis determinedfrom thepressure
using

p = (n(H) + ne)kT: (2.9)

Therateequationfor thehydrogenionizationfractionis givenby

dx(HI I)
dt

= x(HI) A � x(HI I)ne� B ; (2.10)

with A = Ap+ Ac thetotalnumberof photo-andcollisionalionizationspersecond.When
oneassumesthat theelectrondensityis constant,ananalyticsolutionfor x(HI I) canbe
found,anditeratingfor ne givesthe time dependentsolution(Schmidt-Voigt & Köppen
1987). SinceAc and� B arebothtemperaturedependent,thechangein temperaturedue
to heatingandcoolingneedsto berecalculatedfor eachiterationstepaswell.
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2.4.2 Heating and cooling

Thephotoionizationheatingrateis givenby

� p = n(HI)
Z 1

� 0

4� J�

h�
a� (HI) h(� � � 0) d� ; (2.11)

andfor thecoolingratewe usea collisionalequilibriumcoolingcurve from Dalgarno&
McCray (1972)(moregeneralcomposition-dependentnon-equilibriumcooling is avail-
ablein theDoric package).For calculatingthelocal meanintensityof theradiation�eld
weusea blackbodyspectrum,sowehave

4� J� (r ) =
�

RS

jr j

� 2 2�
c2

h� 3

exp( h�
kTS

) � 1
exp(� � � (r )) : (2.12)

Here, RS is the radius,and TS is the effective temperatureof the source. The optical
depth� � at position r follows from equation(2.1). Sinceevaluatingthe integrals for
the photoionizationandheatingrate[equations(2.6) and(2.11)] is too time consuming
to performfor every valueof � , they arestoredin look-up tablesfor a rangeof optical
depthsandinterpolatedwhenneeded.

2.4.3 Coupling radiation and hydrodynamics

Thehydrodynamicsandradiationcalculationsarecoupledthroughoperatorsplitting. To
avoid having to take time stepsthataretheminimumof thehydrodynamics,ionization,
andheating/coolingtime scales,we usethefact that theequationsfor theionizationand
heating/coolingcanbeiteratedto convergence.Sincethesearesocalled`stiff ' equations
(e.g.Pressetal. 1992),weuseaspecialiterationscheme(Frank& Mellema1994a).This
meansthat theonly restrictionon the time stepcomesfrom thehydrodynamics(i.e. the
Courantcondition). SeeFrank& Mellema(1994a)for an assessmentof the validity of
thisapproach.

2.5 Extending Flash

Usinga publicly availablecoderequiresa speci�c approach,especiallywhenextensions
are addedto it. Thoroughtestsshouldbe performed,sincethe initial conditionsone
usesareoftendifferentfrom theonesthecodewasvalidatedfor. As with any code,one
shouldcomparethenumericalresultsto known analyticalsolutions.If this is notpossible
oneneedsto comparetheresultsto onesobtainedwith another, similar numericalcode,
examplesof which aregivenin Sections5.6and6.6.3.

Thepotentialbene�tsof usingapublicly availablecodewill only payoff if extensions
canbeimplementedin a simplefashion.In thecaseof Flashthis is particularlystraight-
forwardsinceit is well documentedandhasahighly modulardesign(seetheFlashUser's
GuideV2.5). It implementsan interfacethat facilitatesthecommunicationbetweenthe
differentmodulesby accessingglobalvariablesthroughspecialpurposedatabasecalls. It
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alsopresentstheuserwith a simplemechanismfor introducingnew globalvariablesand
runtimeparametersat pre-compiletime,which aremadeavailablein thecodeby special
sourcecodegeneratingscripts.Thesesetupscriptsalsocollectfor compilationonly those
modulesthatarerequiredby theuserfor a speci�c run.

To compileFlashtwoadditionallibrariesneedto beinstalled:onethatimplementsthe
input/outputof data�les, andonethat handlesthe communicationbetweenprocessors.
For the (parallel)i/o, onecanchosebetweeneitherHDF51 or netCDF2. Inter-processor
communicationis implementedusingtheMessagePassingInterface3 (MPI).

2.6 Public codes

This sectionlists someAMR hydrodynamicscodesthat are currently publicly avail-
able.All thesecodesarethree-dimensional,parallelized,andimplementblock-structured
AMR:

� AMROC4 is a C++ AMR implementationbasedon DAGH5. AMROC usestheF77
packageCLAWPACK6 to solve the�uid equations.

� Chombo7 is aC++ packagethatprovidesaninfrastructurefor AMR calculations.

� Enzo8 combinesAMR with anN-bodyalgorithm.It is written in F90andaimedat
cosmologicalapplications.

� Flash9 is aF90generalpurposeAMR codedevelopedfor simulatingthermonuclear
explosionsin compactstars.FlashusesParamesh10 asits AMR library.

� TheVersatileAdvectionCode11 (VAC) isaF90packagetargetedatmulti-dimensional
magneto�uidsimulations,of whichanAMR versionfor Cartesiangridsisavailable.

1http://hdf.ncsa.uiuc.edu/HDF5/
2http://www.unidata.ucar.edu/software/n etcdf /
3http://www- unix.mcs.anl.gov/mpi/
4http://amroc.sourceforge.net/
5http://www.caip.rutgers.edu/ � parashar/DAGH/
6http://www.amath.washington.edu/ � claw/
7http://seesar.lbl.gov/anag/chombo/
8http://cosmos.ucsd.edu/enzo/
9http://flash.uchicago.edu/

10http://ct.gsfc.nasa.gov/paramesh/Users manual/amr.html
11http://www.phys.uu.nl/ � toth/





CHAPTER 3

Hybrid Characteristics

We have developeda three-dimensionalradiative transfermethoddesignedspeci�cally
for usewith parallel adaptive meshre�nement hydrodynamicscodes. This new algo-
rithm, which we call hybrid characteristics,introducesa novel form of ray tracingthat
canneitherbe classi�ed aslong, nor asshortcharacteristics,but which appliesthe un-
derlyingprinciples,i.e. ef�cient executionthroughinterpolationandparallelizability, of
both. We presenta detaileddescriptionof thedifferentcomponentsconstitutingthenew
algorithm,with a focuson ray tracing,datainterpolation,andtheamountandpatternof
communication.We alsoprovide a brief comparisonbetweenour methodandtwo other,
recentlyproposed,algorithms,thatsharesomefeatureswith ours.

Primaryapplicationsof thehybridcharacteristicsmethodareradiationhydrodynamics
problemsthat take into accountthe effectsof photoionizationandheatingdueto point
sourcesof radiation.Themethodis implementedinto thehydrodynamicspackageFlash.
The ionization,heating,andcooling processesaremodeledusing the Doric ionization
package.Uponcomparisonwith thelongcharacteristicsmethod,we�nd thatourmethod
calculatesthecolumndensitywith asimilarly highaccuracy andproducessharpandwell
de�ned shadows. We demonstratethe quality of the new algorithm in an application
to the photoevaporationof multiple over-denseclumps. We show that the interaction
of the photoevaporation�o ws producedby theseclumpsresultsin the creationof an
optically thick regionbetweenthem.Thisstructuremayexplain theappearanceof binary
proplydsobserved in HII regionslike NGC 3603andthe Orion Nebula, andthe excess
emissionobserved in betweensomecometaryknots in for examplethe Helix nebula.
This additionalstructureis alsoresponsiblefor the emergenceof extra shadows which
becomeapparentwhenthehighdensityinteractionzonecools,recombines,andbecomes
optically thick. Theseshadows mayin�uence theevolution andsurvival time of clumps
thatlie fartheraway from thesource.

Thetestproblemsdemonstratethefeasibility of our methodfor performinghigh res-
olution three-dimensionalradiationhydrodynamicscalculationsthat spana large range
of scales. Initial performancetestsshow that the ray tracingpart of our methodtakes
lesstime to executethanotherpartsof the calculation(e.g. hydrodynamicsandadap-
tive meshre�nement), and that a high degreeof ef�ciency is obtainedin parallelexe-
cution. Althoughthehybrid characteristicsmethodis developedfor problemsinvolving
photoionizationdueto point sources,thealgorithmcanbe easilyadaptedto thecaseof
moregeneralradiation�elds.

E.-J.Rijkhorst,T. Plewa,A. Dubey, andG. Mellema
Submittedto Astronomy& Astrophysics
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3.1 Intr oduction

Currentmulti-dimensionalparalleladaptivemeshre�nement(AMR, seeBerger& Oliger
(1984);Berger & Colella (1989))hydrodynamicscodes,includemoreandmorephys-
ical processeslike (self-) gravity, nuclearburning, and compositiondependentequa-
tions of state. Furthermore,a wealth of different solvers for relativistic or magneto-
hydrodynamics,have becomeavailable. Thesecodesare in generalimplementedasa
modularframework, facilitatinga ratherstraightforward inclusionof new physicsmod-
ules,andareoftendistributedfreely for scienti�c use(Fryxell et al. 2000;O'Sheaet al.
2004;Norman2000).

Sinceastrophysicalapplicationsaremany timesdominatedby radiativeprocesses,it is
highly desirablethatradiative transferin someform is includedinto thesecodes.Efforts
to solve the full equationsof radiative transfer(using the Eddingtontensorformalism
in combinationwith short characteristics,seeStoneet al. 1992),or in the �ux-limited
diffusionapproximation(Turner& Stone2001;Whitehouse& Bate2004),togetherwith
the hydrodynamicshave beenmade,but it remainsa complex task to createa parallel
algorithmwhich combinesradiative transferandhydrodynamicsfor multi-dimensional
calculationsthatrunsef�ciently ontodaysmulti-processorsupercomputers(e.g.Hayes&
Norman2003).

For many astrophysicalapplicationshowever, it is not necessaryto solve the full set
of radiative transferequations;for thesespeci�c casesit is suf�cient to just determine
the optical depthdue to absorptionalong a line of sight from the sourceto a certain
locationin the computationaldomain. For the purposeof our applicationof ionization
calculations,theopticaldepthis usedto determinethephotoionizationandheatingrates.
Whenthis is combinedwith detailedcalculationsof radiativecooling,many applications
comewithin reach,suchastheevolutionof planetarynebulae(Frank& Mellema1994a),
photoevaporationof cosmologicalmini-haloes(Shapiroetal. 2004),photoevaporationof
cometaryknots(Lim & Mellema2003),theevolutionof proplyds(e.g.Richling& Yorke
2000),orevensimpli�ed scenariosof explosionsof massivestars(Janka& Mueller1996),
to namejusta few.

In creatingamethodthatcombinesradiativetransferandhydrodynamics,onein gen-
eral startswith an existing hydrodynamicscodeandaddsthe necessaryradiationpro-
cessesto it (e.g.Mellemaet al. 1998;Turner& Stone2001;Whitehouse& Bate2004;
Heinemannetal. 2005;Liebend̈orferetal. 2005).In thischapterwedescribetheaddition
of anew radiative transferalgorithm,whichwecall hybridcharacteristics, to theparallel
3D AMR hydrodynamicspackageFlash(Fryxell et al. 2000).

Most of the radiative transfermethodsthat weresuccessfullycombinedwith extant
hydrodynamicscodesapply someform of ray tracing to �nd the optical depthat each
locationin thecomputationaldomain.Apartfrom raytracingonecouldalsousestatistical
methodsto �nd thesolutionto theradiative transferequations(e.g.Maselli et al. 2003).
Yet anotherapproachcouldbetheuseof Fouriertransforms(Cen2002),or unstructured
grids(Ritzerveldetal. 2004),to determinetheradiation�eld.

For a one-dimensional,non-AMR,serialcode,ray tracingbecomesa ratherstraight-
forwardprocedurewhich requireslittle secondthought.Equivalently, thecaseof a plane
parallel radiation�eld on a Cartesiangrid, or a single point-sourceat the centreof a
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sphericallysymmetricgrid, for which all raysrun parallel to a coordinateaxis, canbe
handledquiteeasily. Althoughthiskind of implementationcanreadilybeusedto studya
numberof interestingastrophysicalphenomena,it is still highly desirableto have a code
thatcantreatthemoregeneralcaseof apointsourceof ionizing radiationona3D Carte-
siandomain.Suchmoregeneralmethodswerefor exampleimplementedby Ragaet al.
(2000a);Richling & Yorke (2000);Lim & Mellema(2003),but noneof thesemethods
wasexplicitly parallelizedfor distributedmemorymachinesthough.

Theaimof thiswork is to createacharacteristics-basedradiativetransfermethodthat
canhandlemultiple sourcesof ionizing radiationin AMR enabledsimulationsto berun
on distributedmemoryparallelmachines.For this,a radicalrethinkof theconceptof ray
tracingis necessary, since,for thistypeof parallelAMR codes,thecomputationaldomain
is not only sub-dividedinto a hierarchyof patches,but is alsodistributedover a number
of processors.The�rst choiceonethereforehasto make is which �a vour of ray tracing
onewantsto apply: either long or shortcharacteristics.Sincethesetwo methodshave
ratherdifferentpropertieswhen it comesto ef�ciency andparallelizability, this choice
will determinethesuccessof the�nal algorithm.

We areawareof anumberof othermethodsthatusesomeform of adaptivity to solve
theradiativetransferequations:Abel & Wandelt(2002)designedamethodwheretheray
itself is adaptively split into sub-rays,but theunderlyinggrid is still regular. Steinacker
etal. (2002)employedsecondorder�nite differencingof thefull radiative transferequa-
tionsonanoct-treeAMR grid,and,morerecently, Juvela& Padoan(2005)implementeda
ray tracingmethodfor cell-basedAMR. Jesseeetal. (1998)presenteda radiativetransfer
methodfor patch-basedAMR thatusesthediscreteordinatesapproach.However, none
of thesemethodsresultedin parallelalgorithmsusedin applicationsin which radiationis
coupledto hydrodynamics.

Efforts to createaparallel,two-dimensional,radiationhydrodynamicscodewerepre-
sentedby Hayes& Norman(2003),and,morerecently, a three-dimensionalmethodby
Heinemannetal. (2005),whodevelopedaraytracingalgorithmfor decomposeddomains.
However, noneof thesetwo methodsusesAMR.

Ourpresentationbeginswith Section3.2 in which wedescribeournew method.This
methodcan not be classi�ed as either short or long characteristics,but doeshave the
desiredproperties,namelyhigh parallelandcomputationalef�ciency, of its two prede-
cessors.We alsocompareour methodto two recentoneswhich sharesimilar features
with ours. Supplementalphysicscomponentsrequiredby our primarytargetapplication
(gasionization,heating,andcooling)arepresentedin Section3.3,wherewe givea brief
descriptionof theDoric routines(Mellema& Lundqvist2002,andreferencestherein).In
Section3.4we �rst comparetheaccuracy with whichourmethodcalculatescolumnden-
sitiesto resultsobtainedwith a standardlong characteristicsapproach.Thenwe present
a pureradiationtransportproblemaimedat testingthe accuracy of the ionizationstate
calculationsandshadow casting.This is followedby a coupledradiationhydrodynamics
calculationof photoevaporation�o w. Section3.5 presentssomeinitial performancere-
sults. Discussionof possibleextensionsandfutureapplicationsfor our methodtogether
with theconclusionsaregivenin Section3.6.
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3.2 Characteristicsbasedradiati ve transfer

Whencalculatingtheeffectsof ionizingradiationdueto apointsource,theradiation�eld
is oftendominatedby thissource,andonecansafelyignorecontributionsto theradiation
�eld dueto the ambientgas. This meansthat the radiative transferequationsassumea
particularlysimple form, sincewe can take the total emissioncoef�cient (and thereby
the sourcefunction) to be equalto zero. Furthermore,whenwe alsoignorethe effects
of scattering,thesolutionto theradiative transferequationsfor thespeci�c intensityI at
locationr is givenby

I (r ) = I (0) exp(� � (r )) ; (3.1)

andonly dependson theopticaldepth� , which is de�ned by

� (r ) = a0N (r ) ; (3.2)

with a0 theabsorptioncrosssection,andN thecolumndensityat r .
Oncetheopticaldepthis known at every locationin thecomputationaldomain,one

canuseit to �nd the ionization,heating,andcooling rates,andcalculatethe ionization
stateandtemperatureof thegas.Since,for �nite-v olumehydrodynamicscodes,thecom-
putationaldomainis discretizedinto cells,theopticaldepth,or, equivalently, thecolumn
densityfor a certaincell, is foundby addingthe contributionsfrom all cells that lie be-
tweenthe sourceandthe destinationcell underconsideration.This canbe achievedby
castinga ray, or long characteristic, from the sourceto the cell, accumulatingcontri-
butions to the total column densityalong the way. In caseof an AMR hierarchy, the
algorithm�rst needsto identify the patchesandcells containedwithin the patchesthat
aretraversedby the ray, andthencalculatetheir local contributionsto the total column
density.

Although the methodof long characteristicsis very accurate,it is alsoratherinef�-
cient,since,thecloseracell is to thesource,themorerayscutthrough(approximately)the
samepartof thecell, introducinga lot of redundantcalculations(seeFigure3.1a).A way
to eliminatethis redundancy is to usethesocalledmethodof shortcharacteristics. Here,
thetotal columndensityfor a certaincell is calculatedby interpolatingupwindvaluesof
columndensitycalculatedin apreviousstep,therebycreatingsomediffusion,but remov-
ing theredundantcalculationsinherentin the long characteristicsmethod(Figure3.1b).
For this to work, theappropriateinformationfrom upwindcellsneedsto beavailableat
all times,which meansoneneedsto sweepthenumericalgrid outwardsfrom thesource.
Thisnecessityof having to traversethegrid in acertainordermakesthismethodintrinsi-
cally serial,sincevaluesof columndensityin cellsnow dependononeanother. Thelong
characteristicsmethoddoesnot suffer from this restriction,becauseherecontributionsto
thetotalcolumndensityfrom cellscutby araydonotdependoncolumndensitiesin other
cells.Therefore,thelongcharacteristicsmethodis fully parallelizable,sincecalculations
of contributionsto the columndensityalongeachray canbe performedindependently.
For our methodwe combinethedesirablequalitiesof boththeseapproaches;the ideaof
interpolationis adoptedfrom the shortcharacteristicsmethod,while parallelismis ob-
tainedfollowing principlesof thelongcharacteristicsmethod.
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Figure3.1: Comparingthe long (a) andshort (b) characteristicsmethod. For the long
characteristicsmethod,thecloseronegetsto thesource,themorerayspassthrough(ap-
proximately)thesamepartof acell, resultingin alargenumberof redundantcalculations.
Theshortcharacteristicsmethoddoesnotsuffer from this,sinceherecolumndensitiesare
interpolatedfrom cells thathave beendealtwith previously, soonly thecontributionsto
the columndensityof the shortray sectionsthat passfrom cell to cell needto be com-
puted.

In what follows, we startwith a generaldescriptionof the algorithmusedto trace
rayson AMR hierarchies.We explain how the long characteristicsmethodis exploited
to make this a parallelalgorithm,andwherethe interpolationcomesin to increasethe
ef�ciency of thecalculation.

Althoughour algorithmis designedfor threedimensions,many featuresof its imple-
mentationcanbeexplainedusingtwo-dimensionalanalogues.Whenever thegeneraliza-
tion from two to threedimensionis non-trivial, wewill supplythefull, three-dimensional,
description.Sincethealgorithmis naturallysubdivided into a numberof steps,we will
expandon theseseparately.

3.2.1 The distrib uted computational domain

ConsideracomputationaldomainthatisdistributedoverNp processors(for atwo-dimensional
example,seeFigure 3.2). Raysare tracedover thesedifferent sub-domainsand must
thereforebe split up into independentray sections. Naturally, thesesectionsare in the
�rst placede�ned by theboundariesof eachprocessor's sub-domain,andin the second
placeby theboundariesof thepatchescontainedwithin thatsub-domain.

So�rst eachprocessorcalculatesfor all thepatchesit ownsthelocal columndensities
� N . Theselocalcontributionsarefoundby tracingraysectionsthatoriginateatthepatch
facesthatarelocatedclosestto thesource,andthatterminateatthecentresof thecells(see
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Figure3.2: Two-dimensionalexampleof anAMR hierarchydistributedovertwo different
processors.Here,eachpatchcontains4 � 4 cells.

Figure3.3). Since�nding thesecontributionsis a localprocess,thispartof thealgorithm
is fully parallel, andcan be implementedusing either the shortor long characteristics
method.Detailson how the ray tracingfor individual patchesis implementedaregiven
in Section3.2.2.Notehowever that,beforeeachprocessorcancalculateits � N , it needs
to know thephysicallocationof thesource,sothis informationis madeavailable�rst.

Sincein generalrays traversemore thanoneprocessordomain,exchangeof infor-
mationhasto take placeat somepoint in the algorithm. After this communicationstep
has�nished, eachprocessorshouldhave availableall contributionsof columndensityto
the raysthat terminatein its domain. By interpolatingandaccumulatingall thesecon-
tributionsfor all rays,oneultimatelyobtainsthe total columndensityfor eachcell (see
Section3.2.3for a moreelaboratedescriptionof thecommunicationpatternsinvolved).
Detailson the procedureappliedto �nd the patchescut by a ray, andthe way in which
their contributionsto the total columndensityaresubsequentlycalculated,aregiven in
Section3.2.3andSection3.2.3,respectively.

3.2.2 Ray tracing a singlepatch

In this sectionwe will explain how thecontribution to the total columndensityalonga
local ray sectionin a singlepatchcanbecalculated(seeFigure3.3 andFigure3.7). As
explainedabove,eachpatchcanbedealtwith independently, whichmakesthispartof the
calculationfully parallel.

Thelocalcolumndensitycontributionsarecalculatedfrom

� N =
X

cells

x(HI )n(H)� s ; (3.3)
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Figure3.3: Two-dimensionalexampleof ray sectionsfor a singlepatch.Local contribu-
tionsto thecolumndensityareindicatedby raysectionsthatterminateat cell centres(a),
whereascontributionsthat areto be communicatedbetweenprocessors,andaresubse-
quentlyusedin aninterpolationstep,terminateatcell corners(b). Thesourceliesoutside
of thepatchin thedirectionof thelower left corner.

with x(HI ) the ionizationfractionof neutralhydrogen,n(H) thehydrogennumberden-
sity, and� s thephysicalpathlengththroughthecell.

Thesecontributionsarefoundby castingaraysectionfrom thefacesof thepatchthat
arelocatedclosestto thesourcetowardseachcell centre(seeFigure3.3).Columndensity
contributionsby thecellsthatlie insidethepatchalongeachsectionarecalculatedusing
the`fastvoxel traversalalgorithm' from Amanatides& Woo (1987)(for moredetailson
this traversalmethod,seeApp. 3.A). Besidesray sectionsthat terminateat cell centres,
wealsoneedto calculatethecolumndensitycontributionfor raysectionsthatleadto cell
corners locatedat thosepatchfacesthat are farthestaway from the source(seeFigure
3.3). Theseare the contributions to the columndensitythat needto be communicated
(Section3.2.3),andinterpolated(Section3.2.3)in subsequentstepsof thealgorithm.

Calculatingtheseray sectionsis similar to the methodof long characteristics,but
sincethe numberof cells per patchis low relative to the effective resolutionof the full
computationaldomain,this actuallydoesnot impair theperformanceof themethodtoo
much(seeSection3.5for ananalyticalcomparisonof ourmethodwith theshortandlong
characteristicsonefor a regulargrid).

We alsoconsideredusingshort insteadof long characteristicsto ray tracea single
patch(seeApp. 3.B for a descriptionof a possibleimplementation).However, although
the shortcharacteristicsmethodexecutespresumablymoreef�cient thanthe long char-
acteristicsone,the �rst requiresinterpolation,whereasthe lattersimply addsup column
densitycontributionsby individual cells. Whenthe numberof cells thatneedto be tra-
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versedis relatively small,asis thecasewhenray tracingthesinglepatches,theseextra
calculationsmayrendertheshortcharacteristicsmethodevenlessef�cient thanthelong
characteristicsone. Furthermore,the interpolationintroducesundesirablediffusion. We
thereforedecidedto implementthe more accurateand straightforward ray tracing ap-
proachof Amanatides& Woo(1987).

3.2.3 Hybrid Characteristics

As wasmentionedabove, in AMR hydrodynamicscodes,eachprocessorowns a sub-
domainof thecomputationalvolumewhich is coveredby acollectionof patches.In order
to obtainthetotal columndensityfor acertainray thattraversesthesesub-domains,indi-
vidual local contributionsby thepatchesneedto beaccumulated.Thiscanbeinterpreted
asapplyingthe methodof long characteristics,in this casenot to addup contributions
from individual cells, but insteadto addup contributions from individual patches.So
hereour algorithmdoesagainmake useof long characteristicsbut now at the level of
patches.

Sinceeachprocessorknows thedirectionof its raysandtheco-ordinateswherethey
terminate,it can�nd thepatchescut by theseraysandperformtherequiredcalculations.
For certain�a voursof AMR, patchesfrom differentre�nementlevelsmaypartiallyover-
lap. In suchcases,onewouldhaveto makesurethatonly partsof thepatchesthatcontain
valid data(i.e., the datafrom regionsresolved to the highestresolution)areconsidered
in thecalculationof thecolumndensity. Oneway to eliminatetheoverlapis to applya
procedurecalled`grid homogenization',asdescribedby Kreylosetal. (2002).

For theoct-treetypeof AMR implementedin Flash, patchesfrom differentre�nement
levels do not overlap. Patchesareeither fully coveredby still morere�ned patchesor
otherwisecontainvalid data(the latter are the so-called`leaf patches'in terminology
of Flash). Therefore,a simplecheckto seeif a patchis a `leaf patch' is suf�cient to
determinewhetheror not it shouldcontributeto thetotal columndensityalongtheray.

Oncethelist of patchestraversedby arayis known,weloopthroughit, anddetermine
thelocalcolumndensitycontributedby eachpatchto thetotalcolumndensityfor theray.
Unlessthe ray terminatesin the patchunderconsideration,it will in generalnot exit a
patchexactlyatacell corner. Thismeansthatweneedto interpolatethevaluesof column
densitycontribution � N , obtainedearlier(usingeitherthe shortor long characteristics
methodasdescribedin Section3.2.2)at thatfaceof thepatchwheretheray leavesit.

We would like to emphasizethat, althoughour methodmakesuseof someform of
long characteristics,nowhere in thealgorithmis a ray tracedon a cell-by-cellbasisover
thefull computationaldomain.To thecontrary, ray sectionsaretracedthroughthecells
of eachpatchandit is theselocalcontributionswhicharecombinedthroughinterpolation
by performinganotherray trace,this time notovercellsbut overpatches,asdescribedin
Section3.2.3.This is why wecall ouralgorithmhybridcharacteristics.

Below, we�rst explainhow thelocalcolumndensitycontributions� N , obtainedwith
oneof themethodsfrom Section3.2.2,arecommunicatedbetweenprocessors.Thenwe
describehow thelist of patchestraversedby aray is constructed,afterwhichweshow the
way in which this list is usedto calculatethecontributionsto thetotalcolumndensityN .
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Communicating local column densitycontributions

Since,for aparallelAMR hydrodynamicscode,thepatchesaredistributedoveranumber
of processors,communicationbetweenprocessorsis inevitable at certainpoints in the
algorithm. In particular, assoonas the local contributionsto the columndensityhave
beencalculated(Section3.2.2),valuesof these� N locatedatpatchfacesthatarefarthest
away from thesourcearecommunicatedbetweenprocessors.In thisway, eachprocessor
hasthe informationregardingthe facevaluesof local columndensityfrom all patches
in existence(i.e. thesocalled`gather'operationis used).Apart from thesefacevalues,
all processorsalso needinformation aboutthe location and size of eachpatchand its
re�nementlevel in orderto determineif a particularray cutsa patch.This informationis
communicatedusingthe`gather'operationaswell.

Thesizeof themessagesto becommunicatedandthememoryneededfor storageof
this informationis givenby

Ptot pmax S ; (3.4)

wherePtot is the total numberof processors,pmax is the maximumnumberof patches
in existenceon any processor, andS is the requiredstoragespaceper patch. In three
dimensions,S shouldcontainthevaluesof � N from thethreepatchfaceslocatedfarthest
away from the source,aswell asthe location,size,andre�nement level informationof
eachpatch.

For aninitial testof theperformanceof thealgorithmasa whole,andof its commu-
nicationpatternsin particular, seeSection3.5.

Constructing the list of patchescut by a ray

A straightforwardapproachto constructingthelist of patchestraversedby araywouldbe
to simplycheckfor all patcheswhetheror not they arecutby therayunderconsideration.
Sincethiswouldhaveto bedonefor all rays,andsincethereareasmany raysasthereare
cells, this approachquickly becomesprohibitively slow. We thereforedevelopeda new,
moreelaborate,but muchfastermethodto �nd thelist of patchescut by a ray.

First,eachprocessorcreatesasocalled`patch-mapping'which consistsof aninteger
arrayrepresentingthe full computationaldomainthatstoresthe id (i.e. a uniqueinteger
identi�er) of all patchescontainingvalid data.In Figure3.4weshow anexampleof such
amapping.Theselocalpatch-mappingarraysthenneedto becommunicatedandmerged
(usinga socalled`reduce'communicationoperation)afterwhich eachprocessorhasthe
sameglobalpatch-mappingcorrespondingto thefull computationaldomain.

In ordertodiscernpatchesthatareondifferentprocessorsweusethefollowingcoding
for theglobalpatchid:

pG = pL + P pmax ; (3.5)

with pG theglobalpatchid, pL thelocal patchid, andP theprocessorid.
We thentracetheray, againusingthe`fastvoxel traversalalgorithm' (Amanatides&

Woo (1987),seeApp. 3.A), but now to tracethroughthe global patch-mappingarray.
This resultsin the list of patchescut by the ray, which is usedto accumulatetheir local
contributions, which were alreadycommunicatedearlier, to arrive at the total column
density(asdescribedin Section3.2.3).
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Figure3.4: Two-dimensionalexampleof a `patch-mapping'for a computationaldomain
thatis split overtwo differentprocessors.In thetoprow thelocal idsof thepatchesonthe
differentprocessorsareshown. Themappingof thesepatchids onto thepatch-mapping
arrayis shown in themiddlerow. Thebottomrow shows theglobalpatch-mappingafter
the local patch-mappingshave beencommunicated.Tracingthe depictedray resultsin
thepatchlist f 1; 4; 10; 13; 16g. Thepatch-mappingentriesvisitedduring theray tracing
areshown in grey.
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Figure3.5: Two-dimensionalillustration of the linear interpolationschemeusedto ac-
cumulatelocal column densitycontributions. Shown are the ray sectionsusedin the
interpolation(seetext for furtherdetails).

Althoughthis approachto ray tracingcanbea potentialbottle-neckin thealgorithm,
oneneedsto keepin mind that the maximumnumberof patch-mappingentriesalonga
ray is given by

p
3C=c, with C3 the total numberof cells if the computationaldomain

wouldbefully re�ned, andc3 thenumberof cellsperpatch.
For a typical three-dimensionaloct-treetype AMR simulationwith C = 512 and

c = 16, we �nd a maximumamountof � 55patch-mappingentriesthatarecut by a ray.
Notehoweverthatthis is anupperlimit. Thenumberof entriesis drasticallysmallerwhen
thesourceanddestinationof therayarenotlocatedatoppositesidesof thedomain(which
will bethecasefor mostrays).Notealsothat,althoughwehaveto tracethroughthepatch-
mappingentries,theactualnumberof patchesthatendsup in thelist is stronglyreduced
dueto the adaptive natureof the discretization.In the examplegiven in Figure3.4, the
numberof patch-mappingentriesvisitedby theray is thirteen,but thenumberof patches
that endup in the list is only � ve. It is this latter numberwhich determineshow many
interpolationsareneededwhenaccumulatingthelocal columndensitycontributions.

Accumulating local column density contributions

Now thatwe have the list of patchestraversedby a ray (Section3.2.3)andthevaluesof
local columndensityat thepatchfaceslocatedfarthestaway from thesourcehave been
madeavailableto all processors(Section3.2.3),we canproceedandcalculatethe local
contributionsto thetotal columndensitythroughinterpolation.

The calculationsthat needto be performedfor a ray r traversinga patchp canbe
brokenup into thefollowing steps(two-dimensionalcase,seeFigure3.5):

1 Find thelocatione wherer exits p.



38 Hybrid Characteristics

2 Usethis to �nd the two cell cornersc1 andc2 that areclosestto e andstoretheir
correspondinglocal columndensitycontributions� N1 and� N2.

3 Calculatethegeometricalpathlengthsof the ray sectionsthat terminatein c1, c2,
ande, anddenotetheseby l1, l2, andle, respectively.

4 Usethesepathlengthsto calculatethefollowing normalizedinterpolationweights:

w1 = jl2 � lej=(l1 + l2); w2 = jl1 � lej=(l1 + l2) : (3.6)

5 Calculatethedesiredvalueof localcolumndensityatethroughlinearinterpolation:

� Ne = w1 � N1 + w2 � N2 : (3.7)

After all � Ne for eachpatchin thelist of patchescutby r arecalculated,wesimplyneed
to sumthemto arriveat thetotal columndensityfor r :

N (r ) =
X

p

� Ne(p) [p 2 list( r )] : (3.8)

Theinterpolationweightsgivenabovewereconstructedusingtheconditions

w1 l1 + w2 l2 = le; and w1 + w2 = 1 ; (3.9)

which, for the caseof a homogeneousdensitydistribution, resultsin the exact solution
for the columndensity(i.e., apartfrom a constantfactor, the path lengthitself). Other
weights,likeonesderivedfrom thedistancesbetweentheexit locationse, c1, andc2, can
alsobe used,but this leadsto � 10%errorsfor raysthat entera patchcloseto a patch
corner(asis depictedby theexampleraysectionof Figure3.5).

In threedimensions(seeFigure3.6)it is notstraightforwardto deriveweightsthatare
a generalizationof thetwo-dimensionalonesdescribedabove. We thereforegivea more
intuitive derivationof theseweights,usinga procedurewherewe apply the weightsfor
thetwo-dimensionalcasetwice in succession:

1 Find thelocatione wherer exits p.

2 Usethis to �nd thefour cell cornersc1, c2, c3, andc4 thatareclosestto e andstore
theircorrespondinglocalcolumndensitycontributions� N1, � N2, � N3, and� N4.

3 Calculatethegeometricalpathlengthsof the ray sectionsthat terminatein c1, c2,
c3, c4, ande anddenotetheseby l1, l2, l3, l4, andle, respectively. Also calculatethe
pathlengthsl5 andl6 of theraysectionsthatterminatein c5 andc6 respectively (see
Figure3.6).

4 Usethesepathlengthsto calculatethefollowing normalizedinterpolationweights:

w1 = jl2 � l5j=(l1 + l2); w2 = jl1 � l5j=(l1 + l2) ;
w3 = jl4 � l6j=(l3 + l4); w4 = jl3 � l6j=(l3 + l4) ;
w5 = jl6 � lej=(l5 + l6); w6 = jl5 � lej=(l5 + l6) :

(3.10)
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Figure3.6: Illustration of the interpolationschemein threedimensions.For clarity we
show outlinesof cells on patchfacesonly. In the left imagewe show a ray r that exits
the patchat location e througha cell face, togetherwith the ray sectionsusedin the
interpolationthatterminateat thecornersof this cell face.Theimageon theright shows
the cell facein moredetail, wherewe indicatedthe cell cornersby 1, 2, 3, and4. In
additionto thesecell corners,ray sectionsusedin theinterpolationthatterminateat 5, 6,
7, and8 arealsoindicated(seetext for furtherdetails).

5 Calculatethe valuesof local columndensity� N5 and� N6 at c5 andc6 through
linearinterpolation:

� N5 = w1 � N1 + w2 � N2 ;
� N6 = w3 � N3 + w4 � N4 :

(3.11)

6 Calculatethedesiredvalueof localcolumndensityate throughlinearinterpolation
of � N5 and� N6:

� Ne = w5 � N5 + w6 � N6 : (3.12)

Ourchoiceof usingthevaluesof localcolumndensityatc5 andc6 to arriveat � Ne is
arbitrary. Instead,onemayalsousetheonesfrom c7 andc8 (cf. Figure3.6) in thesteps
describedabove.

Themaindif�culty in �nding aninterpolationschemefor thethree-dimensionalcase
lies in the fact that we needto weigh with the lengthsof the ray sectionsto avoid the
errorswhichwill otherwiseoccurwhentherayunderconsiderationentersthepatchclose
to a patchcorner. Sincein generalall thesepathlengthsaredifferentfrom oneanother,
this introducesquitea numberof independentvariablesinto theequations.So,although
thetwo-stepprocedurejustdescribedis notunique,it is simpleandfast,andit givesgood
resultsin practice.
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Figure3.7: Summaryof stepstaken in the hybrid characteristicsmethod. On the left
we show ray sectionsthat representlocal contributionsto thecolumndensity(summary
step3), whereasray sectionsthat representvaluesof column density that needto be
communicatedare shown at the centreimage(summarystep4). Note that only those
valueson patchfaceslocatedfarthestaway from the sourceneedto be communicated.
Ontheright weshow anexampleof theinterpolationof theselocalvaluesfor aparticular
destinationcell (summarystep6). Note that thereis no needto interpolatethe value
for the �nal ray sectionin the destinationpatchsinceits valuewasalreadycalculated
previously (summarystep3).

3.2.4 Summary of the algorithm

Thestepstakenin thealgorithmcanbesummarizedasfollows(seeFigure3.7):

1 Eachprocessorchecksif its sub-domaincontainsthe source. The processorthat
ownsthesourcestoresits patchandprocessorid andmakesit availableto all other
processors(broadcast).Note that this id may changeduring a simulationdueto
changesin re�nementandtheconsequentredistribution of patchesamongproces-
sors.

2 On eachprocessor, createthelocal patch-mappingandcommunicate(reduce)it so
thateachprocessorendsup with theglobalpatch-mapping(Section3.2.3).

3 Oneachprocessor, calculatelocalcolumndensitycontributions� N for eachpatch
usingthe`fastvoxel traversalalgorithm' (Section3.2.2andFigure3.7left).

4 Communicate(gather)all � N valuesat patchfaceslocatedfarthestaway from
the source(Figure3.7 centre). Also, the coordinatesandre�nement levels of all
patchesneedto be gathered.This communicationis donemostef�ciently when
this informationis combinedin asingledatatypeof sizeS (Section3.2.3).
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5 On eachprocessor, constructfor eachray the list of patchesthat aretraversedby
thatray (Section3.2.3).

6 Oneachprocessor, interpolateandaccumulatethelocalcontributions� N from the
patchesthatarein thelist to arriveat thetotal columndensityN (cf. Section3.2.3
andFigure3.7right) .

3.2.5 Comparison to other methods

To concludethis section,wecompareourmethodto two morerecentonesthateitheruse
someform of adaptivity to tracerays(Juvela& Padoan2005),or thatareparallelizedfor
distributedmemoryarchitectures(Heinemannet al. 2005). Unlike ours,thesemethods
areintendedto solve for the full radiation�eld, andthereforeneedto employ multiple
setsof raysto samplethe angularparameterspace.Dependingon the adoptedform of
the sourcefunction, (lambda-)iterationis to be performedas well in order to obtaina
convergingsolution.

Juvela& Padoan(2005)proposeda ray tracingmethodfor cell basedAMR intended
to be usedin calculationsof line emission. Their methodusessetsof parallel (in the
geometricalsense)long characteristicsto �nd the intensityat cell faces,which arethen
interpolatedto get the intensity at the cell centreusing a short characteristic.This is
repeatedfor a numberof directionsafter which angleaveragedquantitiesareobtained.
Thisprocessis thenlambda-iteratedto getconverging line intensities.

Sincetheirmethodre�nesonacell-by-cellbasis,andoursemployspatchesstructured
in anoct-treehierarchy, thereis a one-to-onecorrespondencebetweentheproceduresof
ray tracing usedin the two methods: their long characteristicscorrespondto our ray
tracingof the patch-mapping,whereastheir shortcharacteristicscorrespondto our ray
tracingof a singlepatch.

Morerecently, Heinemannetal. (2005)developedamethodfor tracingraysthrougha
decomposedcomputationaldomain(i.e. sub-domainsthataredistributedover a number
of processors).To samplethe radiation�eld, raysare tracedthat areeitherparallelor
diagonalto a regularpatch.As they mention,thismeansthatthereis noneedfor themto
interpolatelocal values.Furthermore,sincetheir sourcefunctionactsonly locally, their
is no needto iteratethesolution.

As in ourapproach,Heinemannetal. (2005)�rst obtainall localcontributions(which
they call `intrinsic') andaddtheseup to arrive at thetotal solution.However, in contrast
to our method,the communicationpatternof Heinemannet al. (2005) is intrinsically
serial(i.e. processorshave to wait for oneanother, seetheir Figure1). In their caseof
a decomposedregular domain,the performancepenaltydueto the serialnatureof their
algorithmis small,but in caseof anAMR typeof grid, theperformancewouldbeseverely
degraded.Heinemannet al. (2005)alsoconsiderthe specialcaseof periodicboundary
conditionswith raysrunningonly parallelalongacoordinateaxis. In suchasituation,the
boundaryvaluesarebroadcastedandtheinter-processorcommunicationis moreef�cient
thanin theserialcase.

Althoughourmethodis designedto studytheeffectsof ionizationduetopointsources
of radiation,it can be easilyadaptedto tracesetsof parallel rays instead. Depending
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on the application,a prescriptionfor the sourcefunction and(lambda-)iterationwould
needto beimplemented.This would make our methodsuitablefor solvingtheradiative
transferequationin amoregeneralway, similar to themethodsjustdiscussed.Theadded
advantageof suchan approachis that our methodis highly paralleland coupledto an
AMR hydrodynamicscode.

3.3 Ionization, heating,cooling

Whenthe columndensityfrom the sourceup to eachcell faceis known, the ionization
fractionsandtemperaturecanbe computed.For this we usea simpli�ed versionof the
Doric routines(seeMellema& Lundqvist2002;Frank& Mellema1994a),asdiscussed
in Section2.4.

Theseroutinescalculatethephoto-andcollisional ionization,thephotoheating,and
theradiativecoolingrate.Usingananalyticalsolutionto therateequationfor thehydro-
gen ionization fractions,the temperatureand ionization fractionsare found throughan
iterative process.Sinceevaluatingthe integralsfor the photoionizationandheatingrate
is too time consumingto performfor every valueof theopticaldepth,they arestoredin
look-uptablesandareinterpolatedwhenneeded.

Thehydrodynamicsandionizationcalculationsarecoupledthroughoperatorsplitting.
To avoid having to taketimestepsthataretheminimumof thehydrodynamics,ionization,
andheating/coolingtime scales,we usethefact that theequationsfor theionizationand
heating/coolingcanbe iteratedto convergence.This meansthat the only restrictionon
thetimestepcomesfrom thehydrodynamics(i.e. theCourantcondition).

3.4 Tests

In this sectionwe presenta numberof testsfor our new algorithm. First, we discussthe
accuracy with which columndensitiesandionizationfractionsarecalculated.We com-
paretheresultsobtainedwith thehybrid characteristicsmethodto thosecalculatedusing
thelong characteristicsone.Sincetheinterpolationschemeof our methodis designedto
givetheexactresultfor thecolumndensityin caseof ahomogeneousdensitydistribution
(Section3.2.3),wealsoconsiderits performancein caseof amoregeneraldensity�eld.

Weconcludethissectionby testingtheshadow castingcapabilitiesof ourmethodand
apply it to a `real-world' applicationof photoevaporating�o ws. This last testdemon-
stratestheperformanceof outmethodwhenusedin combinationwith hydrodynamics.

3.4.1 Column density

Weperformedtwo-dimensionalcalculationswhereweplacedasinglepointsourceat the
centreof a 1=r2 densitydistribution, theresultof which is shown in Figure3.8. In order
to preventanunder-resolvedsingularityat thelocationof thesource,we useda constant
densityspherewith a radiusof 5 � 1014 at thesourcelocation.
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Figure 3.8: Valuesof column density for the caseof a single point sourcein a two-
dimensionaldomainwith a 1=r2 densitydistribution. Shown areone-dimensionalcuts
alongthey-directionthroughthesourcelocatedat thecentreof thedomain(left panels)
andat3=4 of thedomain(right panels).In thetoppanels,thesolid line indicatestheresult
for thelong,whereasthecrossesindicatetheresultfor thehybridcharacteristicsmethod.
Thebottompanelsshow theratio (hybrid/long)of columndensityvalues.

The left panelof Figure3.8 shows the columndensitydistribution alonga line y =
const cutting throughthe exact location of the source. Sincefor this specialcaseno
interpolationis necessary, onlyverysmalldifferencesbetweenthetwomethodsarefound.
Thesedifferencesare due to uneven samplingof the 1=r2 densitydistribution on the
adaptivemesh.Theerrorsincreaseonly slightly (< 0:5%) wheninterpolationis used,as
indicatedby theresultsobtainedalongthey = constline locatedat3=4 of thehorizontal
extentof thedomain(theright panelin Figure3.8).

3.4.2 Shadow casting

To test the shadow castingcapabilitiesof our algorithm,we calculatethe columnden-
sity andionizationfractionsfor a homogeneousenvironmentcontaininghigherdensity
clumps,which are taken to be sphericalandneutral. The ionizationstateis found by
iteratingthe ionizationfractionsover a periodequalto a few recombinationtime scales,
while keepingthetemperature�x ed.

The computationaldomainspansthe region (2:0; 1:0; 1:0) � 1018 cm. The ambient
mediumhasa numberdensitynenv = 102 cm� 3 anda temperatureTenv = 5000K. The
sourceof ionizing radiationis locatedat (x; y; z) = (0:0; 0:5; 0:5) � 1018 cm. It hasa
luminosity LS = 7000L � andan effective temperatureTe� = 50000K. The resulting
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Figure3.9: Valuesof log10 of the HII ionizationfraction for the caseof a singlepoint
sourcein an environmentwith a homogeneousdensitydistribution containingneutral
clumpswith higherdensity. Shown areplotsof axy-cut throughthecentreof thedomain
(left) anda xz-cutthroughthecentreof thebottomclump(right).

Strömgrenspherehasa radiusthatis larger(� 3 � 1018 cm) thanthephysicalsizeof the
computationaldomain.Two identicalclumpsareplacedat a distanceof � 1018 cm from
thesource.Eachclumphasa densitynclump = 104 cm� 3, a temperatureTclump = 100K,
anda radiusr clump = 4 � 1016 cm. We used6 levelsof re�nementwith patchesof 163

cells.Theeffective resolutionin this testwas1024� 5122 cells.
The resultsof the shadow castingtestareshown in Figure3.9. As onecansee,our

hybrid characteristicsmethodis capableof castingshadows with very sharpboundaries,
indicatinga low numericaldiffusivity of thescheme.We notethatsincethe initial con-
ditions do not containany densitygradient,columndensitiescalculatedin this testare
identicalto theonesonewouldobtainusinga longcharacteristicsmethod.

3.4.3 Application: photoevaporating clumps

To illustratethat our hybrid radiative transferalgorithmcanbe usedef�ciently in com-
binationwith hydrodynamics,we presenta �rst 3D applicationof theevolution of over-
denseclumpsbeing photoevaporated. We usethe parametersof the simulationsetup
describedin Section3.4.2as initial conditionsand follow the dynamicalevolution for
� 4000yr. This simulationis similar to theonespresentedby Lim & Mellema(2003),
with this differencethat in our simulationboth thesourceandtheclumpsareinsidethe
computationaldomain,andthatour radiation�eld is notapproximatedby parallelrays.

Thesecomputationsarerelevantto theshapingandevolutionof cometaryknotswhich
areobservedin objectslike theHelix (NGC 7293),Eskimo(NGC 2392),andDumbbell
(M27) nebula. Anotherapplicationis theinteractionzonethatis observedbetweenbinary
proplydsin HII regions like NGC 3603 (Brandneret al. 2000) and the Orion Nebula
(Grahametal. 2002).

Figure3.10shows a sequenceof snapshotsof thedensityandneutralhydrogenfrac-
tion at differenttimesduringthesimulation.Oneseesthat theinteractionof thephotoe-
vaporation�o wscomingfrom theclumpsresultsin a zoneof higherdensitybetweenthe
clumps,which, aswasalreadyfoundby Lim & Mellema(2003),canexplain theexcess
emissionobservedbetweensomecometaryknotsandbinaryproplyds. This interaction
zonerecombines,becomesoptically thick, andcastsashadow. It is interestingto seethat
the zone,andthe shadow region behindit, persisteven after the two clumpshave been
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Figure3.10: Snapshotsof the evolution of the log10 of the massdensity(left) and the
log10 of the HII ionization fraction (right) for the caseof a single point sourcein an
environmentwith ahomogeneousdensitydistributioncontainingtwo neutralclumpswith
higherdensity. Thesourceis locatedat (0:0; 0:5; 0:5) � 1018 cm. Shown areplotsof xy-
cutsthroughthe centreof the domainat t = 0 yr (�rst row), t = 792yr (secondrow),
t = 1584yr (third row), t = 2377yr (fourthrow), t = 3169yr (�fth row), andt = 3961yr
(sixth row).
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fully evaporated.Thismechanismfor creatingextrashadowsmayin�uence theevolution
andsurvival timeof clumpsthatlie fartherawayfrom thestar, aneffectnot takeninto ac-
countin previousnumericalstudies.We arecurrentlyinvestigatingfurther into this kind
of �o wsandwill presentour �ndings in a forthcomingpublication.

3.5 Performanceanalysis

We startthis sectionby comparingour hybrid characteristicsmethodto the moretradi-
tional long andshortcharacteristicsmethodsfor regular grids. In order to do this, we
discerntwo typesof computations:�rst we determinehow many calculationsareneeded
to arrive at thelocal contribution eachcell makesto thecolumndensityalonga ray, and
secondwe look at thenumberof interpolationsthedifferentmethodshave to performto
computethetotal columndensityup to eachcell.

Considera computationaldomainwith a resolutionof C3 cellsanda sourcelocated
atoneof thecornersof thedomain.For thecaseof a regulargrid, themaximumnumber
of cellsa long characteristicwould encounteris

p
3C, and,sincewe assumethata ray is

castto all cells,thenumberof calculationsneededto provide thetotal columndensityis
therefore. C4.

For our hybrid characteristicsmethod,which employs anoct-treetypeof AMR grid,
the maximumnumberof cells a local ray sectionencountersis

p
3c, wherec3 is the

numberof cells in a singlepatch(cf. Section3.2.2). So in this case,for a fully re�ned
grid, the total numberof calculationswould amountto . cC3. But, sincein general
the domainwould be re�ned by a factor r , with 0 � r � 1, this numberreducesto
. r cC3. This meansthatwhenr c ' 1, our methodneeds� C3 calculationsto arrive
at thelocal contributionsto thecolumndensityfor eachcell, which is of thesameorder
a shortcharacteristicsmethodwould needon a regular grid. However, the local values
of columndensitystill needto be communicatedand interpolatedto arrive at the total
columndensityfor eachcell. Ontheotherhand,ashortcharacteristicsmethodalsoneeds
to interpolatelocalvalueswhenit sweepsthroughthegrid, whereasa longcharacteristics
method,althoughit executesa factorC morecalculations,doesnot needto performany
interpolationsatall.

The numberof interpolationsto be performedby our methodis determinedby the
numberof patchesthatareencounteredwhenray tracingthroughthepatch-mapping(cf.
Section3.2.3and3.2.3). This numberis at most

p
3C=c, since,for a fully re�ned grid,

thereareC=c patchesalonga coordinateaxis. For a grid that is not fully re�ned this
numberis againreducedby a factorr . A ray tracethroughthe patch-mappingis to be
performedfor everycell,whichbringsthetotalnumberof interpolationsto . r 2(C=c)C3,
whereonefactorof r comesfrom thenumberof patchescut by a ray, whereastheother
factorcomesfrom thetotal numberof cellsthatexist in thecomputationaldomain.

A shortcharacteristicsmethodneedsto do an interpolationfor every cell, so, for a
regulargrid, thetotal numberof interpolationsis C3. This impliesthatwhenr 2C=c ' 1,
ourmethodneedsto computeasimilarnumberof interpolationsasashortcharacteristics
one. Note thatwe assumethat thecalculationsneededto do the interpolationsarecom-
parablein executionspeedfor theshortandhybrid characteristicsmethods,which may
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Figure3.11: Performanceof themain componentsof a radiationhydrodynamicscalcu-
lation (left), andperformanceof thedifferentstepsin our hybrid characteristicsmethod
(right). For thisspeci�c test,thecommunicationtakesasmuchtimeastherestof thecal-
culationwhenusing64 processors.As is explainedin the text, for patcheswith a larger
numberof cells,thisconstraintmaybecomelesssevere.

actuallynot bethecase.
As an example,a typical AMR calculationhasC = 512, c = 16 (i.e. 6 levels of

re�nement),andr = 0:25, which resultsin r c = 4 andr 2C=c= 2. Thisshows that,for a
singleprocessorcalculationwith aproperchoiceof theratioC=candareasonableamount
of re�nement,our hybrid characteristicsmethodis expectedto performequallywell as
a shortcharacteristicsmethodon a regulargrid. It alsomeansthat,whenour methodis
usedin parallel,a betterperformancewill be obtainedwhen increasingthe numberof
processors.

To investigatethis aspectin somemoredetailwe have conducteda preliminaryper-
formanceanalysisusingthephotoevaporatingclumpstestcasedescribedin Section3.4.3
astheunderlyingphysicsproblem. We used5 levelsof re�nement irrespectively of the
numberof processorusedin thetestrun(i.e.,theproblemhada�x edtotalwork). Calcula-
tionshavebeenterminatedafterreaching10%of thenominalsimulationtime. Otherwise
the simulationparameterswere identical to thoseusedin the calculationspresentedin
Section3.4.3.

The resultsof our performancestudyareshown in Figure3.11,wherewe compare
the overall performanceof the hydrodynamics,AMR, and radiationcalculations. De-
tailedresultsfor theradiationpartarealsopresentedin Figure3.11,wherethetimingsfor
theindividual componentsof our hybrid characteristicsmethod(local ray trace,commu-
nication,accumulation/interpolation,andionization)areshown.

Performancedataobtainedfor our realistictestproblemindicatesthattheray tracing
part of the calculationtakeslesstime thaneitherthehydrodynamicsor grid adaptation.
Furthermore,it shows thatmostof thecomputationaltime duringray tracingis spentin
interpolatingandaccumulatingthe local contributions to the columndensity(i.e. step
6, Section3.2.4). Following theanalyticalassessmentmadeabove, we concludethat in
orderto reducethenumberof interpolationsrequiredduringcalculationoneshouldtry to
minimize the valueof r 2C=c ratherthanrc whensettingup a simulation. This suggest
thatoneshouldusepatchesthatcontainarelatively largenumberof cellscomparedto the
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effectiveresolutionof thecomputationaldomain,and,of course,keepthe�lling factorof
the�nest AMR level ata minimum.

Figure3.11showsperformanceresultsfor theradiationmoduleincludingtheioniza-
tion packagefor our �x ed sizeproblem. As onecansee,the time requiredto calculate
thecolumndensitiesis aboutthesameasthetimeneededto calculatetheionizationstate
of the gas. Furthermore,both thesecalculationsare local and thereforeperform very
well. On the otherhand,we noticethat the communicationpart of our algorithmdoes
not performperfectly. This is somewhatexpectedsince,with the increasingnumberof
processors,theef�ciency of ouralgorithmbecomeslimited by theef�ciency of theglobal
gatheroperation(usedto collectcolumndensitiesfrom patchfaces).Theresultsfor this
speci�c test indicatethat communicationis likely to dominatethe runtimewhenmore
than� 64 processorsparticipatein thecomputations.We expectthat this limitation be-
comeslessseverewhenlargerpatchesareusedin thesimulation.In this casethecostof
communicationmaystill belower than,for example,thetime neededto accumulateand
interpolatethecolumndensities.To determinewhetherthis is indeedthecase,moreelab-
orateperformancetestsinvolving a largernumberof processors(of theorderof � 1000)
arerequired,andsuchtestsarecurrentlyunderway.

3.6 Conclusions

Wedescribedanew radiative transferalgorithmfor parallelAMR hydrodynamicscodes,
calledhybridcharacteristics.Wepresenteddetailsof severalaspectsof thealgorithm:ray
tracing,communication,andinterpolation.

The ray tracingis performedin two steps.First, local long characteristicsareused
to calculatecolumn densitycontributions for eachpatch. A secondray trace is then
performedwherea so calledpatch-mappingis usedto �nd the patchescut by eachray.
When the list of patchescut by a ray is known, interpolationof local column density
valuesis requiredto �nd thetotal columndensityup to eachcell. For this,oneneedsthe
valuesof local columndensitycontribution at patchfaces,which arecommunicatedto
all processors.The coef�cients usedin the interpolationarechosensuchthat the exact
solution for the columndensityis retrieved whenthereareno gradientsin the density
distribution.

For thecasewherethedistribution is not constantbut hasa 1=r2 pro�le we �nd de-
viationsof theorderof � 0:5% whencomparingour methodwith a long characteristics
one.Thishighaccuracy with whichcolumndensitiesvaluesarecalculatedresultsin well
de�ned andsharpshadows.

Weshowedthatourmethodcanbeusedef�ciently for parallelradiationhydrodynam-
ics calculationsin threedimensionson AMR grids. We presentedpreliminaryresultsfor
ournew methodin applicationto theproblemof thephotoevaporationof two over-dense
clumpsdueto the ionizationby a singlesourceof radiation. The resultsof this simula-
tion offer a possibleexplanationfor the excessemissionobserved in betweencometary
knotsseenin for exampletheHelix Nebula, andthe interactionzoneobservedin binary
proplydsfound in HII regionslike NGC 3603andtheOrion Nebula. Thesesimulations
alsosuggesta possiblemechanismfor thecreationof extra shadows by thehigh density
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interactionzoneforming betweentheclumps.This additionalshadowing mayin�uence
theevolution andsurvival time of clumpsthat lie fartheraway from thesource.We are
currently investigatingfurther into this kind of interactionsbetweenphotoevaporating
�o ws, andtheir consequencesfor thedynamics,andwill reportour �ndings in a future
publication.

An initial performancetestshowed that our methodworks very well whenusedfor
calculationson a parallelmachine.For this speci�c test,thecommunicationpartof our
algorithmstartsto dominatethe calculationwhenmorethan� 64 processorsareused.
However, we showedanalyticallythata carefulchoiceof theratio of thenumberof cells
perpatchto thetotalnumberof cellsin thecomputationaldomaincontrolstheamountof
communicationusedin thecalculation.This analysiscanbeusedto optimizethedesign
of our method.More in-depthperformanceandscalingstudiesarecurrentlyunderway,
usinglarge(� 1000) numberof processors,andthesewill alsobeusedto furtheroptimize
thecurrentimplementation.

Becauseof the modularnatureof the Flash codeandthe Doric routines,additional
elementslike moresophisticatedcoolingor multiple speciescaneasilybeadded.Also,
multiple point sourcescanbe handledby our method,andin principle moving sources
could be implemented.Furthermore,it shouldbe straightforward to extendthe hybrid
characteristicsmethodso that it canbe usedto solve for a moregeneralradiation�eld,
with theaddedadvantagethatourmethodis alreadyparallelizedandcoupledto anAMR
hydrodynamicscode.

Anotherpossibleapplicationfor our methodis thecalculationof the propagationof
ionizationfronts in a cosmologicalcontext. For thesecalculationsphotonconservation
is animportantissue.Recently, Mellemaet al. (2005)developeda methodfor following
R-typeionizationfrontsthatmaymovemorethanonecell pertime step,wherea special
formulationof the equationsensuresphotonconservation. Although the parallelnature
of our algorithmmaycomplicatethe implementationof suchanapproach,we maystill
bene�t from theideaspresentedby Mellemaetal. (2005).

We intendto makeourmethodpublicly availablein a futureFlashrelease.
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Figure3.12: Explanationof differentquantitiesusedin the fastvoxel traversalmethod.
Shown is asinglepatchwith a local longcharacteristicraysection.

3.A Fast voxel traversal

Here we brie�y discussthe `fast voxel traversalalgorithm' from Amanatides& Woo
(1987). We have usedthis algorithmtwice in our method,onceto ray tracethroughthe
cells (`voxels') of a singlepatch(local long characteristics,Section3.2.2),andonceto
ray tracethepatch-mapping(hybrid characteristics,Section3.2.3). The ideabehindthe
algorithmis to keeptrack of threedifferentray parameterstx , ty , andtz, onefor each
co-ordinatedirection,andto usetheseto determinehow to stepfrom cell to cell through
thepatch,ensuringthatall cellscut by theray arevisited(seeFigure3.12).First, values
for the incrementsin ray parametert neededto stepfrom cell to cell in the x-, y-, and
z-direction,indicatedby � tx , � ty , and� tz, respectively, aredetermined:

� tx = tmax=� x ; � ty = tmax=� y ; � tz = tmax=� z ; (3.13)

wheretmax =
p

� x2 + � y2 + � z2 is the �nal ray parameter(i.e. the total pathlength
of theray). Next, therayparameterstx , ty, andtz aresetto their respective initial values,
indicatedby t i

x , t i
y , andt i

z, afterwhicha loop is enteredwheretheminimumof thesethree
valuesis determined.This givestheco-ordinatedirectionin which thecell lies that is to
bevisitednext by theray. For example,if min (tx ; ty; tz) = tx , thenext cell theray will
enterliesin thex-direction,andwehaveto incrementtherayparameterfor thex-direction
accordingly, i.e. tx = tx + � tx . We loop aslong asall ray parametersaresmallerthan
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Figure3.13:Two examplesof shortcharacteristicssweepingsequencesfor asinglepatch
that may occur in practice. For the illustration on the left, the sourceis locatedinside
thepatchat thestartingpoint of curve 1. In this casethefour space�lling curvesshown
shouldbesweptin theorderindicated.For thepatchontheright, thesourceis externalto
thepatch,andlies in thedirectionof thelower left corner, sothereis only onecurve that
needsto beswept.

the �nal ray parametertmax . As a by-product,thealgorithmproducesthepathlengthof
theraysectionfor eachcell thatis crossed,which is obtainedby subtractingtheprevious
from thecurrentrayparameter.

3.B Ray tracing a singlepatch: short characteristics

As an alternative to the `fast voxel traversalalgorithm' for ray tracing a single patch
aspresentedin Section3.2.2,we herebrie�y describethe shortcharacteristicsmethod,
whichcouldbeusedfor thesamepurpose.Sincethemethodof shortcharacteristicsuses
interpolationfrom neighbouringcells,upwindvaluesneedto beavailableat all times,so
cells needto be sweptin a certainorder. This sweepingsequenceis determinedby the
physicallocationof thepatchrelative to thesourceposition(seeFigure3.13).Usingthe
known physicallocationof thesource,thegeometricalpathlengthof theraysectionthat
crossesa cell is calculatedfor everycell containedin thepatch.Theshortcharacteristics
methodthensweepsthepatchin a directionaway from thesource,interpolatingupwind
columndensitycontributionsfor eachcell alongtheway.

For thetwo-dimensionalcase,Figure3.14illustrateswhich two cells,indicatedby c1

andc2, areusedin this interpolation.Simplelinearinterpolationweights

w1 = 1 � d; w2 = d (3.14)

couldbeusedto arriveat thecolumndensitycontributionat cell c, using

� Nc =
X

i

wi � N i + � r n ; (3.15)

with � N i the upwind valuesof columndensitythat needto be interpolated,d the nor-
malizeddistancefrom c1 to thelocationwheretheray piercestheline connectingc1 and
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Figure3.14: Illustration of the interpolationschemefor a singlecell usedin the short
characteristicsmethodfor the2D (left) and3D (right) case.

c2, � r thephysicalpathlengthof theshortcharacteristicray section,andn thenumber
densityinsidethecell crossedby this shortcharacteristic.

For thethree-dimensionalcasetheraypiercesacell face,sofour insteadof two quan-
tities needto be interpolated.The normalizedweightsarechosento correspondto the
partialareasof thecell facede�ned by thecornersof this faceandthelocationat which
theray leavesthecell (cf. Figure3.14):

w1 = (1 � d1)(1 � d2); w2 = d1 (1 � d2);
w3 = (1 � d1) d2; w4 = d1 d2 :

(3.16)



CHAPTER 4

Scalingtests

We presentweakandstrongscalingtestsfor the Hybrid Characteristicsmethodaspre-
sentedin Chapter3. This methodintroducesa novel approachto ray tracing for 3D,
massively parallel,adaptive meshre�nementhydrodynamicscodes. The effectsof the
locationof the source,locationandamountof re�nement,numberof sources,andma-
chinearchitectureontheperformanceareinvestigated.Timing resultsfor thecalculation,
communication,andsynchronizationpartsof thealgorithmareobtained.For thecalcu-
lation part we �nd the methodto scalealmostperfectly, for the caseof weak,aswell
asfor strongscaling. However, dueto the imbalancein thecalculationtime inherentin
the approachto ray tracingof the Hybrid Characteristicsmethod,for the caseof a sin-
gle source,almosthalf thetime is spentin synchronization.Thedistribution of this time
over thedifferentprocessorsstronglydependson the locationof thesourcein thecom-
putationaldomain.We also�nd that,whentheamountof work perprocessoris chosen
largeenough,thecommunicationtimestaysbelow thecalculationtime. Furthermore,the
performanceof the methodis found to be to a greatextent independentof the relative
locationof the sourceand re�ned region, aswell asof the amountof re�nement. As
expected,we �nd that thecalculationpartof themethodscaleslinearly with thenumber
of sources,but thatthesynchronizationtimeaveragesout to a relatively low valuein this
case.Testsfor differentarchitecturesshow that themethodcanbeusedeffectively on at
least� 100processorson a SGI Altix, and� 1000processorson an IBM BlueGene/L
system,bringingmassively parallelradiationhydrodynamicalsimulationswithin reach.

53
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4.1 Intr oduction

An assessmentof theparallelperformanceof theHybridCharacteristicsmethodpresented
in Chapter3 is made.To this end,we performweakscalingtests,wheretheamountof
work perprocessoris keptconstantwhenincreasingthenumberof processors,aswell as
strongscalingtests,wherethetotal amountof work is keptconstantwhenincreasingthe
numberof processors.

SincetheHybrid Characteristicsalgorithmconsistsof two mainparts,i.e. calculation
andcommunication,thesearelooked into separately. Thepreliminaryperformancetest
presentedin Chapter3 indicatethat for a certainnumberof processorsthetime spentin
communicationbecomessimilar to thetimespentin thecalculationpartof thealgorithm.
We show however that this can to a large extent be avoidedby carefully choosingthe
amountof work perprocessor.

It is expectedthat the performanceof the methodchangeswith the locationof the
sourcein the computationaldomain. Processorsthat own patcheslocatedcloseto the
sourcehave lesscontributionsto addup thanprocessorsthatown patcheslocatedfurther
away from the source. Furthermore,whenthe sourceis locatedat the edgeof the do-
main,this imbalancemaybegreaterthanfor a sourcelocatedat thecentre,althoughthis
dependson how thepatchesaredistributedamongprocessors.Thereforea measurefor
thesynchronizationtimeduringwhichprocessorsareidle is obtainedfor differentsource
locations.

It is alsoexpectedthatthemethodscaleslinearly with thenumberof sourcespresent.
Wetestthisby increasingthenumberof sources,whicharerandomlydistributedthrough-
out thecomputationaldomain,while keepingall otherparametersconstant.

Theamountby which the domainis re�ned may in�uence theperformanceaswell.
This is testedby comparingtwo casesfor which a smallanda largeamountof thecom-
putationaldomainis re�ned.

Anotheraspectthat is of importancefor the performanceis the type of architecture
usedin thetests.To determinehow this choicein�uencestheresults,we ranpartof the
scalingtestsontwo differentarchitectures:aSGIAltix, andanIBM BlueGene/Lsystem.

As wasalreadymentioned,the communicationpart of the algorithmmay becomea
bottleneckatacertainnumberof processors.Thedependenceof thisaspectonthenumber
of cellsperpatch,andthechoiceof architectureis examined.

We �nish this chapterwith recommendationson how to optimizetheray tracingand
communicationalgorithmsof theHybrid Characteristicsmethod.

4.2 Weak and strongscalingtests

In this sectionwe presentresultsfrom weakandstrongscalingtestscarriedout for the
Hybrid Characteristicsmethod.All testsin this sectionwereperformedon a SGI Altix
3700system,consistingof Intel Itanium2 1.3GHzCPUswith 2GBof memorypernode.

As wasmentionedabove, for a weakscalingtest,theamountof work perprocessor
shouldbekeptconstantfor anincreasingnumberof processors.For example,for ahydro-
dynamicsalgorithm,wheretheamountof work percell is constant,thiswouldmeanthat
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Table4.1: Parametersusedin thescalingtestsonSGI Altix.
Npe 2 4 8 16 32 64
P (c = 8) 32 40 50 64 80 102
c (P = 32) 8 10 12 16 20 26

oneshouldincreasethenumberof cellsby thesameamountwith whichoneincreasesthe
numberof processorsNpe.

However, for araytracingalgorithmliketheHybrid Characteristicsmethod,thework
perrayis notconstantsinceit alsodependsontheextentof therayoverthecomputational
domain.In thenext sectionwe estimatetheimpactof this aspect,althoughfor theactual
testswesimplyscalethenumberof cellslinearlywith thenumberof processors.

4.2.1 Amount of work estimate

In Chapter3 it wasfound that accumulatingandinterpolatingthe local columndensity
contributionsdominatesthe calculationpart of the method. It wasalso found that the
amountof work doesnotonly dependonthenumberof rays,but onthenumberof patches
alongeachray aswell, with thetotal numberof interpolationsfor a fully re�ned domain
beingproportionalto (C=c)C3. Here,C is the numberof cells alonga coordinateaxis
of thedomain,andc is thenumberof cellsalonga coordinateaxiscontainedin a single
patch. A weakscalingtestfor the calculationof columndensitiesshouldthereforefor-
mally satisfythecondition(C=c)C3 / Npe, insteadof C3 / Npe, which is normallyused
in this typeof test.

In practicethis meansthat if one increasesNpe by a factor of f , one shouldalso
increase(C=c)C3 by thatsamefactor. Since(C=c)C3=P(Pc)3=P4c3, with P thenumber
of patchesalongacoordinateaxis,onewayof doingthis is to increaseP 4 by afactorof f
while keepingc constant.Anotheroptionis to increasec3 by a factorf while keepingP
constant.Also, onecouldcombinethetwo: changeP 4 by a factorf P andc3 by a factor
f c, with theconstraintthatf = f P f c.

For the caseof a partially re�ned domain,the condition for weak scalingchanges
to r 2(C=c)C3 / Npe, wherer is the ratio betweenthe numberof cells in leaf patches
divided by the maximumnumberof cells possibleat the highestre�nement level, i.e.
0 < r � 1 (seealsoSection3.5). For the testspresentedin this chapterwe keepthe
amountof re�nement�x edby forcingre�nementin acertainregionof thecomputational
domain,while varyingc or P asa functionof Npe.

4.2.2 Testdescription

Two typesof weakscalingtestsaresetup, detailsof which are listed in Table4.1. In
oneseries,c is being variedasN 1=3

pe andP is kept �x ed when increasingthe number
of processors.We alsopresenta testwhereP is setproportionalto N 1=3

pe andc is kept
constant.Notethat,to stayin line with theprocedurenormally followedfor this typeof
tests,we chosethevaluesfor c andP suchthat thenumberof cellsperprocessorstays
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Figure4.1: Schematicdepictionof the four differentsetupsusedfor the scalingtests.
Shown are(left to right): sourceandre�ned region (grey) at the centreof the domain,
sourceand the re�ned region at a cornerof the domain,sourceand re�ned region at
oppositesidesof thedomain,andasetupwith twice theamountof re�nement.

(approximately)constant,althoughtheestimatepresentedin theprevioussectionsuggest
thatwhenP is variedit shouldactuallybedoneproportionalto N 1=4

pe .
Two differentsourcelocationsareusedin thetests:onewith thesourceatthecentreof

thedomain,andonewith thesourceatacornerof thedomain,wherethedomainis acube
with sidesof unit size. In both thesecases,the re�ned region is centredon the source.
Furthermore,atestwherethesourceandthere�ned regionarelocatedatoppositecorners
of thedomainis alsocarriedout. Thedifferenttestsetupsareschematicallydepictedin
Figure4.1.

All calculationshave a �x ed numberof six levels of re�nement, including the base
level. Two differentvaluesfor theamountof re�nementareused:r = 1=64andr = 1=8,
correspondingto acubicalregionof thecomputationaldomainwith sidesof size1=4 and
1=2, respectively.

4.2.3 Weakscalingresults

Timing resultsfor the weakscalingtestswherec / N 1=3
pe and P is kept constantare

shown in Figure4.2. We�rst discussthecasewherethesourceaswell asthere�nement
arelocatedat thecentreof the computationaldomain(Figure4.2, top row), in termsof
timing resultsobtainedfor thedifferentpartsof thealgorithm:

� accumulate-interpolate(solidline): approximately�at curve. Thisis expectedsince
thenumberof patchesP alonga ray is keptconstantfor an increasingnumberof
processorsandthetotal numberof raysis keptapproximatelyconstantby increas-
ing c. The error barsget larger with increasingnumberof processorsdue to an
increasingimbalancein thenumberof raysthatneedto bedealtwith perprocessor.

� local ray trace(dashedline): slight increase.This is expectedsincethenumberof
operationsfor local ray tracingof thepatchesscalesasc4, whereasthenumberof
processorsonly increasesasNpe / c3.

� synchronizationtime (dashed-dottedline): increaseswhen the imbalancein the
accumulate-interpolatepartsetsin ataround16 processors.
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Figure4.2: Weakscalingresultsfor testswherec / N 1=3
pe andP constant.Resultsfor a

singlesourceatthecentre(�rst row) andcorner(secondrow) of thecomputationaldomain
areshown, aswell asresultswherethesourceandre�ned region arelocatedat opposite
corners(third row), anda testwith the sourceat the centrebut with twice the amount
of re�nement (fourth row). The line typesrepresentdifferent partsof the algorithm:
accumulate-interpolate(solid), local ray trace(dashed),synchronization(dashed-dotted),
andcommunication(dotted),respectively. Thesizeof theerrorbarsis twice thestandard
deviation determinedfrom the differenttiming resultsobtainedacrossprocessors.The
valuesfor the testwheretheamountof re�nement is doubled(r=1/8, bottomrow) have
beenscaledto theonewith a loweramountof re�nement(r=1/64,top row).
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Figure4.3: Weakscalingresultsfor testswhereP / N 1=3
pe andc constant.Resultsfor

a test with a single sourceat the centreof the computationaldomainare shown. The
line typesrepresentdifferentpartsof the algorithm: accumulate-interpolate(solid), lo-
cal ray trace(dashed),synchronization(dashed-dotted),andcommunication(dotted),re-
spectively. Thesizeof theerrorbarsis twice thestandarddeviation determinedfrom the
differenttiming resultsobtainedacrossprocessors.
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Figure4.4: Weak scalingresultsfor an increasingnumberof sourcesfor c = 16 and
P = 32. All testsuse 16 processorswith sourcesdistributed randomly throughout
the computationaldomain. The line types representdifferent partsof the algorithm:
accumulate-interpolate(solid), local ray trace(dashed),synchronization(dashed-dotted),
andcommunication(dotted),respectively. Thesizeof theerrorbarsis twice thestandard
deviationdeterminedfrom thedifferenttiming resultsobtainedacrossprocessors.

� communication(dottedline): increasessubstantiallyfor an increasingnumberof
processors,but for 64 processorsis still a factor� 5 smallerthanthetime needed
by accumulate-interpolate.

Wecomparetheseresultsto onesobtainedwith thesourceandre�nementin thesame
(Figure4.2,secondrow), andin opposite(Figure4.2,third row) cornersof thedomain,as
well astoatestwheretheamountof re�nementis doubled(Figure4.2,fourthrow). When
thesourceis locatedin acornerof thecomputationaldomain,theimbalancein thenumber
of raysperprocessorssetsin immediately, which is evidentfrom thesizeof theerrorbars
of theaccumulate-interpolatepart,andfrom thelargervaluesfor thesynchronizationpart
of the algorithmover the whole rangeof processors.Sincethe adaptive meshneedsa
slightly lower numberof patchesto createthere�ned region in thecornerof thedomain
ascomparedto the numberof patchesneededwhenthe re�ned region lies at the centre
of thedomain,thevaluesfor local ray traceandcommunicationareslightly lower in the
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Figure4.5: Timing resultsfor individualprocessorsfor theaccumulate-interpolate(solid)
andsynchronization(dashed)partsof the algorithm. Shown arecalculationsinvolving
64 processorswith thesourceat thecentre(top panel)andcorner(bottompanel)of the
computationaldomain.

formercase.
Comparingthe resultsof the testwith the sourceat the centreof the domainwith

r = 1=64 (Figure4.2, top row), to a testwherer = 1=8 (Figure4.2,bottomrow, scaled
values),we �nd similar behaviour in all aspects.

The resultsof a weakscalingtestwith thesourceat thecentrefor which P / N 1=3
pe

andc is kept constantareshown in Figure4.3. Sincethe numberof operationsfor the
accumulate-interpolatepartof thealgorithmincreasesasP 4, but thenumberof processors
only increasesasNpe / P3, we expecta slight incline in the plot of this quantity. We
alsoexpect the curve for the local ray tracepart of the algorithmto be �at, sincec is
kept constantfor the whole rangeof processorsin this test. Instead,the resultsshow a
�at curve for theaccumulate-interpolate,anda slight declinefor the local ray tracepart
of thealgorithm. To understandthis, we needto take a closerlook at theactualnumber
of patchesthe AMR algorithmgeneratesat levelsbelow the highestlevel of re�nement
to accommodatethecentralre�ned region. It turnsout that this numberis considerable
for low valuesof P (� 64%of the total numberof patchesfor P = 32), andbecomes
lessimportantasP increases(� 7%for P = 102). Correctingfor this would changethe
timingsto theexpectedvalues.

We alsotestthe performanceof the algorithmfor an increasingnumberof sources,
distributedrandomlythroughoutthedomain. For this we usethe testfor which c = 16
andP = 32, seeFigure4.4. As expected,we �nd thatthealgorithmscaleslinearly with
thenumberof sources,with theexceptionof thesynchronizationtime,which staysat an
approximatelyconstantandratherlow value. This is dueto the randomdistribution of
sourceswhichaveragesoutextremesin thesynchronizationtime.
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Figure4.6: Strongscalingtestresultswith c = 8, P = 32, andr = 1=64. Resultswhere
sourceandre�ned regionarelocatedatthecentreof thecomputationaldomainareshown.
The line typesrepresentdifferentpartsof thealgorithm: accumulate-interpolate(solid),
local ray trace(dashed),synchronization(dashed-dotted),andcommunication(dotted),
respectively. Thesizeof theerrorbarsis twicethestandarddeviationdeterminedfrom the
differenttiming resultsobtainedacrossprocessors.

Table4.2: Parametersusedfor thescalingteston IBM BlueGene/L.
Npe 64 128 256 512 1024
c (P = 32) 8 10 12 16 20

Weconcludethissectionwith timing resultsfor individualprocessorsfor thetestwith
c = 26andP = 32for atotalof 64processors(seeFigure4.5).Weplot theresultsfor the
accumulate-interpolateandthesynchronizationpartsof thealgorithm,for thecasewith
thesourceat thecentre,andat thecornerof thecomputationaldomain.Figure4.5clearly
showsthattheamountof work to bedonein accumulatingandinterpolating,andthetime
spentwaiting in synchronization,variesconsiderablybetweenindividualprocessors,and
thatthedistributionof work stronglydependson thesourcelocation.

4.2.4 Strongscalingresults

Strongscalingtest resultsfor c = 8 andP = 32 areshown in Figure4.6. We �nd a
lineardecreasefor thecalculationpartsof thealgorithm,anda�uctuating synchronization
time. The latter is causedby the different ways in which the patchesget distributed
whenincreasingthe numberof processors.The communicationtime getslarger when
increasingthenumberof processors,still beinga factor� 2 lower thanthetime spentin
accumulate-interpolatefor 64processors.

4.3 Performancefor differ ent architectures

In this sectionwe comparetheresultsdescribedabove, which wereobtainedon anSGI
Altix system,to resultsfrom apreliminarytestperformedonanIBM BlueGene/Lsystem.
Thissystemconsistsof PowerPC440700MHz CPUswith 512MBof memorypernode.

Werepeattheweakscalingtestwherec is beingvariedasN 1=3
pe (for details,seeTable

4.2). The sourceandre�nementarelocatedat the centreof the computationaldomain,
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Figure 4.7: Weak scalingresultsfor a test wherec / N 1=3
pe and P is constanton an

IBM BlueGene/Lsystem.Resultsfor a singlesourceat thecentreof thecomputational
domainareshown. Theline typesrepresentdifferentpartsof thealgorithm:accumulate-
interpolate(solid), local ray trace(dashed),and communication(dotted),respectively.
Timings resultsfor the synchronizationpart of the algorithm were not obtained. The
sizeof theerrorbarsis twice thestandarddeviation determinedfrom thedifferenttiming
resultsobtainedacrossprocessors.

with theamountof re�nementsetto r = 1=64. WhencomparingTable4.1 to Table4.2,
onecanseethat we usethe samesequencefor c, while the numberof processorswas
increasedby a factorof 32.

Timing resultsfor thisscalingtestareshown in Figure4.7.We�nd anapproximately
�at curve for theaccumulate-interpolatepart,anda slight increasefor thelocal ray trace
part of the algorithm. The communicationpart is seento increasesubstantiallyfor an
increasingnumberof processors,but for 1024processorsit is still a factor� 2 smaller
thanthetimeneededby accumulate-interpolate.

A directcomparisonbetweenresultsobtainedonSGIAltix andIBM BlueGene/Lcan
be madeby taking into accountthe increaseof the numberof processorsby a factorof
32. Whenmultiplying the timing resultsof BlueGene/Lby this factor, we �nd that the
accumulate-interpolatepartof thealgorithmis 2:7 timesfasteronSGIAltix thanonIBM
BlueGene/L.We cannot comparethe communicationpart of the algorithmin this way
sinceit is expectedto scalenon-linearlywith thenumberof processors.

4.4 Discussionand conclusions

We have performedweakandstrongscalingtestsfor theHybrid Characteristicsmethod
for a numberof differentsetupswith varying locationof the sourceandre�ned region,
amountof re�nement,andnumberof sources.ThesetestswereperformedonaSGIAltix
andanIBM BlueGene/Lsystem.

The resultsof the weakscalingtestsshow that the calculationpart of the algorithm
is dominatedby the accumulate-interpolatepart, which displaysa �at curve for an in-
creasingnumberof processors.Theamountof time spentin this calculationpartof the
algorithmis to agreatextentindependentof therelativelocationof thesourceandre�ned
region. It alsodoesnotdependon theamountof re�nement.

Becausetheamountof work to bedonevariesfrom ray to ray, time is spentin syn-
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chronizationbetweenprocessors.For 64 processorson SGI Altix, this amountof time is
almostequalto thetimespentin accumulate-interpolate.A moredetailedanalysisof this
aspectshowsthatthedistributionof work acrossprocessors,andthereforethetime spent
waiting,variesconsiderably, andthatthisdistributionstronglydependsonthelocationof
thesource.

Testsinvolving randomlydistributedsourcesshow that thealgorithmscaleslinearly
with thenumberof sources.Thesynchronizationtime however averagesout to a lower
valuethanin thecaseof asinglesource.

For theweakscalingteststhecommunicationtime increaseswith anincreasingnum-
berof processors,but is still a factor� 5 below thetime spentin accumulate-interpolate
for 64 processorson SGI Altix. For thestrongscalingtestthis factoris � 2. This shows
that,whenthereis a largeenoughamountof work to bedoneperprocessor, thecommu-
nicationtimecanbekeptbelow thetimespentin calculation.

A weakscalingtestwasalsoperformedonanIBM BlueGene/Lsystem.Resultsshow
a similar behaviour for thecalculationpartof thealgorithmason theSGI Altix system.
For theaccumulate-interpolatepartof thealgorithmwe�nd theIBM BlueGene/Lsystem
to be a factor� 2:7 slower thanthe SGI Altix system.However, for this test,the time
spentin communicationis still a factor� 2 lower thanthe time spentin calculationfor
1024processorsdueto the muchfasternetwork topologyof BlueGene/L.We alsonote
that if one wantsto run the sameapplicationwith the Hybrid Characteristicsmethod,
moreprocessingnodesareneededon BlueGene/Lthanon SGI Altix dueto the limited
amountof memorypernodeavailableon theformersystem.

We now discusssomepossiblewaysto improving the Hybrid Characteristicsalgo-
rithm. A wayto reducethesynchronizationtimeis to optimizethedistributionof patches
for the ray tracing. This however will inevitably impair other partsof the code, like
the hydrodynamicsor ionizationcalculations.Furthermore,whenusingmorethanone
source,thepatcheswill have to be redistributedfor eachsource,which is not anoption
consideringthecommunicationoverheadthiswill bring.

In orderto reducethetimespentin communication,theamountof datathatis commu-
nicatedbetweenprocessorsshouldbeminimized. In thecurrentimplementation,values
from all patchfacesarecommunicatedto all processors,while in generalonly a subset
of theseareneededby the interpolationroutines. Onecomplicationis that the number
of valuesto becommunicatedvariesfrom patchto patchsinceit dependson theway in
which a ray cuts throughthe patcheson differentprocessors.We expectan optimized
algorithmto reducetheamountof informationthatneedsto becommunicatedby at least
a factorof two.

To conclude,thetestspresentedfor differentarchitecturesshow thattheHybrid Char-
acteristicsalgorithmscaleswell for at least� 100processorson SGI Altix, and� 1000
processorsonBlueGene/L,bringingmassively parallelradiationhydrodynamicalsimula-
tionswithin reach.
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CHAPTER 5

Blowing up warpeddisks in 3D

The GeneralizedInteractingStellar Winds modelhasbeenvery successfulin explain-
ing observedcylindrical andbipolarshapesof planetarynebulae. However, many nebu-
lae have a multipolaror point-symmetricshape.Previous two-dimensionalcalculations
showed that theseseeminglyenigmaticforms canbe reproducedby a two-wind model
in which thecon�ning disk is warped,asis expectedto occurin irradiateddisks. In this
chapterwe presentthe extensionto fully three-dimensionalAdaptive MeshRe�nement
simulationsusingthe publicly availablehydrodynamicspackageFlash. We brie�y de-
scribethemechanismleadingto a radiationdrivenwarpeddisk,andgiveanequationfor
its shape.We derive time scalesrelatedto the disk andcomparethemto the radiative
cooling time scaleof thegas,therebydeterminingthe relevantpart of parameterspace.
By comparingtwo-dimensionalcalculationsincludingrealisticradiativecoolingthrough
acoolingcurve,with onesemploying a low valuefor theadiabaticindex 
 , weshow that
the latter, computationallylessexpensive approach,is a valid approximationfor treating
cooling in our nebulae.Theresultsof thefully three-dimensionalwind-disksimulations
show our mechanismto becapableof producingaplethoraof multipolar(andquadrupo-
lar) morphologies,whichcanexplaintheobservedshapeof anumberof (proto-)planetary
nebulae.

E.-J.Rijkhorst,G. Mellema,andV. Icke
acceptedfor publicationin Astronomy& Astrophysics(2005)
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5.1 Intr oduction

In the �nal phasesof stellarevolution, low massstars,suchasour Sun, �rst swell up
andsheda dense,cool wind in theasymptoticgiantbranch(AGB) phase.This episode
is followedby a fast,tenuouswind that is drivenby theexposedstellarcore,which will
laterbecomeawhitedwarf. Surprisingly, theplanetarynebulae(PNe)resultingfrom this
expulsionphasearerarelyspherical.More oftenthey show a pronouncedbipolarshape.
Balick (1987)proposedthatsuchformsarisedueto aninteractionbetweena slow disk-
shapedinnerAGB nebula andthefast`lastgasp'of thestar. Analytical (Icke 1988;Icke
et al. 1989)andnumerical(Soker & Livio 1989;Icke 1991;Mellemaet al. 1991)work
showed that this GeneralizedInteractingStellarWinds mechanism(GISW) works very
well (seeSection1.2 for moredetailson this mechanism).For anup-to-datereview, see
Balick & Frank(2002).

However, many circumstellarnebulaehave a multipolaror point-symmetric(i.e. an-
tisymmetric)shape(Schwarz 1993;Sahai& Trauger1998). Icke (2003)demonstrated
that theseseeminglyenigmaticformscanbereproducedby a two-wind modelin which
the con�ning disk is warped. Sucha warp is possibleeven arounda singlestar, dueto
thecombinedeffectsof irradiationandcooling(Petterson1977;Iping & Petterson1990;
Pringle1996;Maloney etal. 1996).

Icke's computationswere restrictedto a two-dimensionalproof-of-principle. Here
we presenta �rst seriesof fully three-dimensionalhydrodynamiccomputationsof such
a wind-disk interaction. For this we usethe publicly availablehydrodynamicspackage
Flash(Fryxell et al. 2000).We extendedthis massively parallel,Adaptive MeshRe�ne-
ment(AMR) codewith a radiative cooling moduleandthe properinitial conditionsfor
ourproblem.

Evenwith thecurrentsupercomputersandAMR techniqueswecanfollow theinterac-
tion betweenthestellarwind andthewarpeddiskatasuf�ciently highresolutiononly for
the�rst coupleof yearsof its evolution. This impliesthatourmodelsarestrictly speaking
only valid for the �rst stagesof proto-PNformation. However, sinceit is believed that
PNeexpandin a self-similarfashion(Icke 1988),our modelsmay, althoughtentatively,
beappliedto laterstagesof PN evolutionaswell.

After anintroductiontopoint-symmetricnebulae,weproceedbydescribingthemech-
anismbehindradiatively warpeddisks,andgiveanequationfor its shape.Wethenderive
several time scalesrelatedto the disk, andcomparetheseto a typical radiative cooling
timescaleof thegas,thusproviding uswith thelimits of ourparameterspace.

In order to checkthe applicability of using a low value for the adiabaticindex as
an approximationto radiative cooling in our three-dimensionalruns,we comparetwo-
dimensionalsimulationsran with sucha low 
 , to onesthat appliedthe cooling curve
module.

We thendigressbrie�y to explain themechanismbehindtheformationof multipolar
shellsin oursimulations,emphasizingtheimportanceof radiativecoolingandtheintrinsic
three-dimensionalnatureof theproblem.

Thereafter, we presentsynthesizedH� imagesandpositionvelocity diagramsof our
data,andcomparethesewith observationsof (proto-)PNe.
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5.2 Point-symmetric nebulae

Work on cylindrically symmetricnebulae showed (Icke 1988,1991; Icke et al. 1992)
thatsharplycollimatedbipolar�o ws area frequentandnaturalby-productof theGISW.
However, many (proto-)PNehaveamultipolaror point-symmetricshape(Schwarz1993;
Sahai& Trauger1998;Guerreroet al. 1999;Sahai1999;Su et al. 2003;Harmanet al.
2004). Thenebulaethatareformedin thewind-disk interactionwould naturallyacquire
the observed antisymmetryif the disk that con�nes the fastwind is warped,insteadof
symmetricunderre�ection aboutthe equatorialplane. Several mechanismshave been
proposedfor warpinganaccretiondisk. Themostinterestingonefor ourpurposesinvokes
radiativeinstability(Petterson1977;Iping & Petterson1990;Pringle1996;Maloney etal.
1996).

Livio & Pringle(1996,1997)alreadyproposedthat the precessionof warpeddisks
mightberesponsiblefor point-symmetricnebulae.They provedconclusively thatthevari-
ousphysicalscalesfor mass,accretion,luminosityandprecessionmatchtheobservations.
Theproductionof thenebulaeproperthey attributedto anunspeci�ed`jet' mechanism.

Another mechanismcapableof producingpoint-symmetricPNe was presentedby
Garć�a-Segura (1997) and Garć�a-Segura & López(2000). In their three-dimensional
magnetohydrodynamicalmodels,the magneticcollimation axis is misalignedwith re-
spectto thebipolarwind, resultingin point-symmetricmorphologies.

Observationsof many bipolar nebulae with `ansae'(e.g. NGC 3242, NGC 7009)
and`FLIERS' (e.g. NGC 6751,NGC 7662)leave little doubtthat jets areoccasionally
formedduringtheevolutionof someasphericalPNe,probablyin thelatepost-AGBphase,
beforethe fast wind hasswitchedon. But the nebulae presentedby Sahai& Trauger
(1998)do not seemto resemblesuchshapesvery much. The lobesof point-symmetric
nebulae (Schwarz 1993;Sahai& Trauger1998) look as if they were producedalmost
simultaneously. This is dif�cult in the caseof a precessingjet, which would make a
corkscrew-like nebula of a typenot readilyapparentin post-AGB shells,althoughsome
objectsdoshow featuresthatarelikely to bedueto precession(Schwarz1993;Velázquez
etal. 2004).While leaving openthepossibilitythatjetsmayberesponsiblefor additional
structures,asin the caseof the `ansae',we show that the interactionbetweena warped
diskandasphericallysymmetricwind suf�ces.

Our numericalmodelsof sucha wind-disk interactionare,dueto resolutionrestric-
tions,aimedatthe�rst stagesof proto-PNevolution(seeSection5.6andSection5.8).The
following parameters,usedin thesimulations,areappropriatefor thiskind of objects(e.g.
Reyes-Ruiz& López1999):centralstarluminosityL � = 5� 103L � , environmentnumber
densityne = 105 cm� 3 andtemperatureTe = 500K, disknumberdensitynd = 107 cm� 3

andtemperatureTd = 5 K, andstellarwind masslossrate _Mw = 1:7 � 10� 9 M � yr � 1

andvelocityvw = 200km s� 1.

5.3 Radiation dri venwarping

Whenan accretiondisk is subjectto external torquesit may becomeunstableto warp-
ing (Bardeen& Petterson1975;Petterson1977;Papaloizou& Pringle1983)andwhen
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irradiatedby a suf�ciently luminouscentralstarevenaninitially �at disk will warp(Ip-
ing & Petterson1990;Pringle1996;Maloney et al. 1996,1998).This warporiginatesin
differencesin radiationpressureonslightly tilted annuliat differentradii in thedisk.

For warpingto beinduced,it is essentialfor thedisk to beoptically thick for boththe
stellarradiationand for its own cooling�ux. Thelatterconditionis themostrestrictive,
becauseadisk thatis optically thin in theinfrareddustcontinuumwill not suf�ce. While
strictly speakingall we needis a warpeddisk, however this may be produced,we do
believe that the Petterson-Iping-Pringledisksare the mostplausible. This restrictsthe
antisymmetricnebulaeto aspeci�c subclassof post-AGB starswith highdensityandlow
temperaturedisksaroundthem. Anotheraspectthat determineswhetherthe disk gets
warpedis theluminosityof thecentralstar, which shouldbesuf�ciently high.

But, even if the above conditionsfor warpingare valid, it is still possiblethat the
interactionof the wind with the disk doesnot lead to a point-symmetricnebula, since
this further requiresthat thecoolingtime of thegasin thesweptup shell is shorterthan
the other, dynamical,time scalesof the problem(seeSection5.4 andSection5.7). So,
only whenboththerequirementsfor warpingandtime scalesaremet,apoint-symmetric
nebulamayemerge.

Analytical considerationslead to expressionsfor growth and precessionratesand
morphologiesof the warp whereasnumericalcalculationsincluding the effectsof self-
shadowing show that the non-linearevolution of the warp canproducehighly distorted
shapeswith, in extremecases,an inverted,counterrotating inner disk region (Pringle
1997; Wijers & Pringle 1999). Applicationsof warpeddisk theory rangefrom active
galacticnuclei (e.g.Pringle1997;Maloney et al. 1998) to X-ray binaries(Maloney &
Begelman1997;Wijers & Pringle1999),protostellardisks(Armitage& Pringle1997),
andPNe(Livio & Pringle1996,1997).Othermechanismsthatproducewarpeddisksbe-
sidestheradiatively drivenonearethewind driven(Quillen 2001)andthemagnetically
driveninstability (Lai 1999,2003).

5.3.1 Origin of the disk

As we will show below, the requireddisksarequitesmall (� 10 � 100AU) andarein
Keplerianrotationaroundthestar. This meansthat they areconceptuallysomewhatdif-
ferentfrom thecon�ning structuresin `classic'GISWmodels,whereaslowly expanding
AGB wind is responsiblefor theasphericalshapeof theemerging PN. Herewe require
a denseaccretiondisk,whosepresenceduringthepost-AGB phasewill imprint itself on
theshapesof youngPNe.

Thereareseveralwaysto form sucha disk. In a binarysystem,a disk canbeformed
dueto amain-sequencecompanionbeingoutof equilibriumwhenemerging from acom-
mon envelope(CE) phasewith a primary AGB star. This companionlosesmostof the
massit accretedduringtheCEphasewhichsubsequentlyformsadiskaroundtheprimary
(Soker& Livio 1994)andwhich,in thepost-AGB phase,cangetradiativelywarpedwhen
illuminatedby thecentralstar. Theaccretiondisk mayalsoform aroundthecompanion
star(Soker & Rappaport2000),or possiblybecircumbinary.

Reyes-Ruiz& López(1999)alsoinvestigatedanumberof processesfor theformation
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Figure5.1: Exampleof a warpeddisksurface,equation(5.2).

of accretiondisksin proto-PNethroughbinaryinteractions.For thecasewherealow mass
secondarygetsdisruptedduringadynamicallyunstablemasstransferprocess,they found
thatanaccretiondisk formswithin � 100yr thathasa radiusof � 10AU anda massof
� 2 � 10� 3 M � .

A mechanismwhichworksfor singlestarsis apartialback�o w from thestellarmass
loss.Soker(2001)showedthatsomeof themateriallostby the(post-)AGB starmay�o w
backto thestar, forminganaccretiondisk.

Whatever the mechanismfor their formation,circumstellardisksaroundproto-PNe
(e.g. Miranda 1999; Kwok et al. 2000) and post-AGB starshave beenobserved. ISO
spectrareveal thepresenceof crystallinesilicates,which requirea denseenvironmentto
form (Molster et al. 1999,2002). Anomalousatmosphericabundancepatternsfound in
a numberof post-AGB stars,aremosteasilyunderstoodif gasanddustwereseparated
while orbiting in an accretiondisk (Van Winckel et al. 1998,1999;Maaset al. 2003).
CO line shapesalsoindicatethepresenceof reservoirs of gasin Keplerianorbits(Jura&
Kahane1999;Bujarrabalet al. 2003). So,althoughthemechanismby which they form
is not fully understood,thereis mountingevidencefor the presenceof accretiondisks
aroundproto-PNeandpost-AGB stars.

5.3.2 Shapeof the disk

Following Pringle(1997),anexpressionfor theradiusRcrit beyondwhich thedisk is un-
stableto radiationdrivenwarpingis foundfrom comparingthetimescalesof theviscous
andradiationtorques,leadingto

Rcrit � (2� =A)2 = 16� 2c2GM � L � 2
� � 2 _M 2

acc ; (5.1)

wherewe assumeda surfacedensity� d = _Macc=(3� � 1) (e.g.Pringle1981). Here� �
� 2=� 1 is the ratio of the azimuthalto the radial viscosity, M � is the massand L � the
luminosityof thecentralstar, and _Macc is thedisk'saccretionrate.For a typical PN with
a centralwhite dwarf with massof � 0:6 M � , the luminosity is � 5 � 103 L � , which is
suf�ciently high to inducea radiationdrivenwarp.
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In aCartesiancoordinatesystem,thewarpeddisksurfaceis givenby (Pringle1996)

x (R; � ) = R

0

@
cos� sin
 + sin� cos
 cos�

� cos� cos
 + sin� sin
 cos�
� sin� sin�

1

A ; (5.2)

with local disk tilt angle� (R; � ), andorientationangleof theline of nodes
 (R; � ). An
exampleof sucha surfaceis shown in Figure5.1. R and� arethenon-orthogonalradial
andazimuthalcoordinatesrespectively, pointing to the surfaceof the disk (cf. Pringle
1996). In our model calculationswe adopt the caseof a steadyprecessingdisk with
no growth andzerotorqueat the origin for which we have in the precessingframethat

 = A

p
R and� = sin
 =
 , with theconstantA de�nedby equation(5.1)(Maloney etal.

1996).Theradiusatwhich thewarpeddisk returnsto theplaneis calculatedfrom setting
x3 = 0 in equation(5.2). This leadsto R = (k� =A)2 (k = 0; 1; 2; :::) andsincethedisk
is unstableto warpingfor radii R > Rcrit , we take theouterdisk radiusto ber d = 4Rcrit

(i.e. k = 4).

5.4 Time scales

As shown in Icke (2003), the mechanismfor the formationof multipolar nebulaeonly
works if the gasis closeto isothermal,or in otherwords,stronglycooling. In orderto
establishthepartof parameterspacewherethemechanismapplies,we needto compare
the cooling time scaleto threeothertime scalesrelatedto the disk: the precessionand
growth time scalesof thewarp,andtheshockpassingtime,wherethelatteris de�ned as
thetime theexpandingsweptupshelltakesto travel to theouterdisk radius.

In oursimulationsweimplementedtheradiativecoolingby interpolationfrom atabu-
latedcoolingcurve takenfrom Dalgarno& McCray(1972)(seeSection5.5). In orderto
calculateanestimatefor thecoolingtimescale,we representthis curveby thefollowing,
piecewiselinear, approximation:

� = � i T � i
s ; (5.3)

with � in ergg� 1s� 1. Wede�ne two temperatureranges:102� 5� 104 K, and5� 104� 107

K, which we referto astemperaturerangeA andB, respectively. Theparameters� i and
� i for theserangesaretakenas

� A = 2:5 � 10� 27; � B = 1:33� 10� 19 ; (5.4)

and
� A = 0:3; � B = � 0:5 : (5.5)

From a similar derivation as the one given by Kahn (1976) [seealso Koo & McKee
(1992)],for which thedetailsaregivenin Appendix5.A, we �nd acoolingtime

tc;i =
3

2(1 � � i )
xt kBT1� � i

s

nH � i
= Ci

v2(1� � i )
s

� e
(5.6)
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Figure5.2: Plot of tp, tsp, tc;A , andtc;B asa function of _Macc. We usedr d = Rcrit to
calculatetp, andr d = 4 � Rcrit to calculatetsp, tc;A , andtc;B . Thevertical line indicates
thevalueof _Macc for which Rcrit = 125AU. Theenvironmentdensitywassetto ne =
105 cm� 3. SeeSection5.6for thevaluesof otherparameters.

where

Ci =
1
� i

�
3

2(1 � � i )
� 2� � i

H x � i
t k� i

B 21� � i (
 � 1)2� � i (
 + 1)� (3� 2� i )

�
; (5.7)

andwith x t thenumberof particlesperhydrogennucleus,kB Boltzmann'sconstant,Ts the
temperatureof theshockedgas,nH thenumberdensityof hydrogen,vs theshockspeed,
and� e thepre-shockenvironmentdensity. For a fully ionizedgasof cosmicabundances
wehave

CA = 1:0 � 10� 19; CB = 6:0 � 10� 35 : (5.8)

Wefurtherassumethatthewind blown bubbleis in the`momentumdrivensnowplow
phase'(e.g.Lamers& Cassinelli1999),sothesweptup shell is thin, andtheoutershock
is approximatelyat theradius

r (t) =

 
3 _Mwvw

2� � e

! 1=4

t1=2 ; (5.9)



74 Blowing up warpeddisks in 3D

with time t, masslossrateof the wind _Mw , andterminalwind velocity vw . The shock
velocity readily follows by taking the derivative, which leadsto an expressionfor the
coolingtimeof thesweptup shellgivenby

tc;i = Ci

 
3 _Mwvw

32�

! 1
2 (1� � i )

�
� 1

2 (3� � i )
e t � i � 1 : (5.10)

As mentionedabove, threetime scalesrelatedto thedisk areof importance.First the
precessiontimescale

tp = 48� 2cG1=2M 1=2
� L � 1

� r 3=2
d � d (5.11)

(Maloney et al. 1996)wherewe assumedKeplerianrotation. Secondthe time scalefor
theinitial growth of thewarpwhich is of thesameorderastp. Thethird timescaleis the
shockpassingtime tsp which followsfrom settingr (tsp) = rd in equation(5.9)as

tsp =
�

2
3

� � e

� 1=2
_M � 1=2

w v� 1=2
w r 2

d : (5.12)

Whenweuseequation(5.1)for thecritical radiusasatypicaldiskradius,we�nd that
thedifferenttimesscaleas

tp _ M 2
� L � 4

�
_M 3

acc�
3� d

tsp _ � 1=2
e

_M � 1=2
w v� 1=2

w M 2
� L � 4

�
_M 4

acc�
4

tc;i _ � � i � 2
e

_M
1
2 (1� � i )

w v
1
2 (1� � i )
w M 2(� i � 1)

� L � 4(� i � 1)
�

_M 4(� i � 1)
acc � 4(� i � 1) ;

wherewesett = tsp in equation(5.10)for thecoolingtimescale.
We are quite limited in our choiceof M � , L � , vw, and _Mw sincevaluesfor these

parametersare constrainedby stellar evolution andwind models(e.g. Pauldrachet al.
1988;Blöcker 1995)but sincethe dependenceof tp, tsp, andtc on _Macc is so strong,a
properchoiceof this latterparameterleadsto the desiredrelationbetweenthedifferent
timescales.However, sincethedisk'sradiusdependson _Macc aswell [equation(5.1)],we
cannot take it too large,sincethatwould leadto anunrealisticsizefor thedisk. Wehave
indicatedthis restrictionin Figure5.2whichshowsaplot of tp, tsp andtc asa functionof
_Macc. For all simulationswechoseourparameterssuchthatatall timest c < tsp < tp, so

thatcoolingwill indeedbeimportantandthatwecansafelyignorethedisk'sprecession.
SeeSection5.6 and Section5.8 for actualvaluesof the parameterswe usedas initial
conditionsfor oursimulations.

5.5 Numerical implementation

We usedthe three-dimensionalhydrodynamicspackageFlash (Fryxell et al. 2000) to
modeltheinteractionbetweenasphericalwind andawarpeddisk. Thisparallelizedcode
implementsblock-structuredAMR initially developedby Berger & Oliger (1984) (see
alsoBerger& Colella1989)anda PPMtypehydro-solver (Colella& Woodward1984).
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Besidesimplementingtheproperinitial andboundaryconditionswe alsoaddedour
own coolingmoduleto thecodein orderto modelradiativecoolingusingacoolingcurve
(Dalgarno& McCray1972;Mellemaetal. 2002).Thiscurvegivestheenergy lossrateas
a functionof temperaturefor a low densitygasin collisionalionizationequilibrium.The
radiative losseswereimplementedthroughoperatorsplittingandif thetimesteprequired
by thehydrodynamicswaslarger thanthecooling time, the formerwassubdivided into
smallerstepswhencalculatingthecooling.

ThetemperatureTe of theenvironmentwaskeptat its initial equilibriumvalueby in-
troducingaheatingtermwith alineardependency onthedensity, asphoto-electricheating
wouldhave. ThetemperatureTd of thediskwaschosensuchthatit wasin pressureequi-
librium with the environment. Furthermore,we madesureno grid cell could obtaina
temperaturebelow aminimumvalueof Td.

To constructthewarpeddisk,equation(5.2)wascombinedwith a constant̀ �are an-
gle' � d, anda propervaluefor A. The outerdisk radiusr d wastaken to be larger than
Rcrit (cf. equation(5.1))andthedisk wasgivena constantnumberdensitynd. Theenvi-
ronmentwasgivena constantnumberdensityne. Thesphericalwind wasimplemented
asaninterior boundaryconditionandgivena 1=r2 densitypro�le, outerradiusr w, anda
constantwind velocity vw . Thepressurewascalculatedfrom anequationof statewith a
constantadiabaticindex 
 .

Boththemoduleto constructtheinitial conditionsaswell asthecoolingcurvemodule
areavailablefrom theauthorsuponrequest.

5.6 Two-dimensionalwind-disk simulations

To checkthe implementationof thewind-disk interactionmodelinto theAMR codede-
scribedabove,werepeatedanumberof thetwo-dimensionalcalculationspreviouslydone
by Icke (2003). Sincein his simulationsa differentsolver (FCT/LCD) for thehydrody-
namicequationswasused,andtheshapeof smallscalestructuresin theoutcomeof the
calculationsdependon turbulent processesin the gas,the two-dimensionalcomparison
simulationsdid not agreein every single detail, but the overall point-symmetricmor-
phologiesfound,weresimilar in bothsimulations.

To seethe effectsof morerealisticcooling, we alsoran somesimulationswith the
coolingcurvemoduleandanadiabaticindex 
 = 5=3. At thestartof eachsimulation,the
coolingtimeis alreadysmallerthanthehydrodynamicaltimescale,sothebubbleis in the
momentumdrivenstagefrom theoutset.Sincethecoolingscaleswith thedensitysquared
andthedensityin thesweptupshellcanonly increasewith time,thecoolinggetsmoreef-
�cient asthesimulationprogresses,andthebubbleremainsmomentumdriventhroughout
theentiresimulation. To suf�ciently resolve thedevelopingbow shockandinstabilities
in thesecalculationsrequireda fairly high (effective) resolutionof 20482 cells. All two-
dimensionalsimulationsusedeithera small valuefor theadiabaticindex or thecooling
curvemodule,bothresultingin momentumdrivenshells.SeeTable5.1for informationon
theinitial parameters.For all two-dimensionalsimulationswith coolingappliedthrough
thecoolingcurvemoduleweusedthefollowing parameters:_Macc = 1:5� 10� 6 M � yr � 1,
vw = 200km s� 1, M � = 0:6M � , L � = 5� 103L � , � d = 1gcm� 2, rd = 100AU, � d = 5� ,



76 Blowing up warpeddisks in 3D

Figure5.3: Grey scaleplot of log10 of the density(gcm� 3) at t = 9:0 yr for several
two-dimensionalwind-disksimulationsusingeitherthecoolingcurve module(left hand
side)or a low valueof gamma(
 = 1:1, top right; 
 = 1:05, bottomright) to simulate
radiativecooling.Parametersfor initial densitiesandtemperaturescanbefoundin Table
5.1. Actual valuesof thedensityrangefrom 4:0 � 10� 20 to 1:25 � 10� 15 (top row) and
from 3:2� 10� 20 to 7:9� 10� 15 gcm� 2 (bottomrow). Thesizeof thedomainis 334AU2,
anda total of eight levelsof re�nementwereusedresultingin aneffective resolutionof
20482 cells.
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Table5.1: Parametersfor thetwo- andthree-dimensionalruns.
Figure# 5.3(top-row) 5.3(bottom-row) 5.5
ne (cm� 3) 105 106 105

Te (K) 500 5000 500
nd (cm� 3) 107 108 107

Td (K) 5 50 5
_Mw (M � yr � 1) 1:7 � 10� 9 1:7 � 10� 8 1:7 � 10� 9

Rcrit (AU) 18 18 18
tp (yr) > 890 > 890 > 890
tsp (yr) 15 15 15
tc;A (yr) 5:8 0:58 5:8
tc;B (yr) 2:0 � 10� 5 2:0 � 10� 6 2:0 � 10� 5

and� = 1. For thecalculationof tsp weusedr d = 4� Rcrit ' 72AU whichis of thesame
orderasthe valueof 100 AU we usedin the simulations.Note that, for this parameter
choice,theShakura-Sunyaev parameter� ' � 1=(4Rcrit cs), obeys � � 1, asis required
(seee.g.Pringle1981).Also notethat,in thesimulations,themasslossrateof thewind
_Mw is a function of � e, suchthat at r = r w the wind densityis setequalto the initial

environmentdensity, i.e. _Mw = � r 2
w � evw, which rendersequation(5.12)independentof

� e (asis re�ectedin theconstanttsp in Table5.1for differentvaluesof ne). Thediskmass
correspondingto thesenumbersis quitemodest,only 3:5� 10� 3 M � . Thisshowsthatthe
mechanismdoesnot requireexcessiveconditionsto operate.

For therunsthatweredonewith thecoolingcurvemodulewe�nd that,apartfrom the
formationof the,by now familiar, point-symmetriclobes,theoutershellof sweptup gas
is muchthinnerandunstabledueto theeffective coolingat higherdensities.It develops
into a numberof smallerlobesmerging with oneanotheras the shell expands(Figure
5.3). Furthermore,themoreeffective thecooling, the moreelongatedthe lobescreated
by thebow shockbecome.

5.7 Mechanism

Themechanismbehindtheformationof themultipolarlobesseenin thesimulationsis as
follows(seealsoIcke2003).As thecentralwind impingeson theinnerrim of thedisk,a
three-dimensionalbow shockdevelopsaroundit. Theopeningangleof theshockdepends
inverselyon theMachnumberof thewind. A two-dimensionalcut perpendicularto the
planeof the disk (seeFigure5.3 andFigure5.5) shows the developingbow shock,of
whichonebranch�ies off into spacecreatinga lobejutting out from thenebula,whereas
theotherslamsinto theconcavesideof thedisk.

Dueto thecoolingof thegas,thesweptup shell is highly compressedandtherefore
thin, andthe ram pressurefrom the wind directly drivesthe shell outwards,which are
necessaryingredientsfor thebow shockto producethe lobes.Whenthecooling is very
effective, the shell getsso thin that it becomesunstable,anddevelopsinto a numberof
smallerlobes. Ultimately, whenthedensityof thedisk is not too high, thewind breaks
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Figure5.4: Isosurfacesfor a densityvalueof 10� 17 � 10� 16 gcm� 3 correspondingto
the cutsshown in the bottomrow of Figure5.5 for the three-dimensionalcalculationat
t = 12yr. Thesizeof thedomainis 334AU.

throughtheconcavepartof thedisk,producinganotherpair of lobes(Figure5.3).
Sincethetruebow shockis a three-dimensionalstructureandthedisk is warped,the

shapeof the disk seenin a two-dimensionalvertical cut at differentazimuthalangles�
changessuchthat theconcave sideof thedisk turnsinto theconvex sideandvice versa
for increasing� .

As waspointedout above, the interactionbetweena sphericalwind and a warped
disk is point-symmetricby nature,and thus intrinsically three-dimensional.The two-
dimensionalcalculationsshouldthereforeberegardedastrial calculationsthatshow the
underlying principles of the interactionbut, due to the slab symmetryof thesetwo-
dimensionalsimulations,which doesnot correctly capturethe point-symmetryof the
problem,cannotbeusedto deriveany observablemorphologiesor position-velocitydia-
grams.So,to truly understandtheemergingpoint-symmetricstructureof this interaction,
it is necessaryto carryout fully three-dimensionalsimulations.

5.8 Thr ee-dimensionalwind-disk simulations

We ran wind-disk simulationsin threedimensionson a Cartesiangrid with an effective
resolutionof 5123 usingsix levelsof re�nement. For our largestcalculationswe needed
approximately24 hourson 64 nodesof an SGI Origin 3800system,whereeachnode
consistsof a500MHz R14000CPUwith 1 GB of memory. At theendof eachsimulation,
� 30%of thedomainis re�ned to thehighestlevel, takingall thememoryavailable.This
meansthat if onewould like to follow the simulationfor a longerevolutionarytime by
usinga larger domain,andkeepingthesame(effective) resolution,oneshouldincrease
thenumberof nodesaccordingly.

Sincewe found in our two-dimensionalcalculationsthat simulationswith cooling
appliedthrougha coolingcurve did not resultin a qualitatively differentmorphological
outcomecomparedto calculationswith a low value for the adiabaticindex, we opted
not to usethe cooling curve moduleduring our three-dimensionalsimulationsto save
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Figure5.5: Grey scaleplots of log10 of the density(gcm� 3) at t = 0 yr, t = 3 yr, t = 6 yr, t = 9 yr, andt = 12 yr (right to left).
Actualvaluesof thedensityrangefrom 3:0 � 10� 21 to 1:0 � 10� 16 gcm� 3. Thesizeof thedomainis 334AU3. Shown arecutsthrough
thecentreof the datacubein the xy-plane(top), xz-plane(middle),andyz-plane(bottom). Theplots for theyz-planeshow the grid
structuresuperimposedwhereonly thethree�nest levelsof re�nementarevisible (coarserlevelsarefully re�ned). Thecorresponding
isosurfacesareshown in Figure5.4.
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on computingtime. Like in the two-dimensionalsimulations,we useda disk radiusof
100AU, a wind velocity of 200km s� 1 anda computationaldomainof 334AU3. See
Table5.1for asummaryof thesimulationparametersandresultingtimescales.

5.8.1 Mor phologyand kinematics

In Figure5.5weshow cutsthroughthecentreof thedatacubeatdifferenttimesduringthe
simulation.Oneseesthatthepoint-symmetricstructureagainemerges,andthatthebow
shockproducesmultiple lobes,asin the two-dimensionalsimulations.To visualizethe
three-dimensionalshapeof thesweptup shell,correspondingisosurfacesarealsoshown
(Figure5.4).

Sinceit is thebow shockthatdrivestheshapingof thebubble,any extrasmallscalein-
stabilitiesresultingfrom theextradegreeof freedomof ourthree-dimensionalsimulations
areof relatively little importance.However, onedifferencebetweenthetwo-dimensional
andthethree-dimensionalcalculationsis thewayin whichthesmallscalelobescanmerge
alongthe surfaceof the sweptup shell, but this doesnot alter the global shapeof the
bubble. Also, theextra degreeof freedompreventsthewind from breakingthroughthe
concavepartof thedisk, in contrastto whatwasfoundfrom thetwo-dimensionalsimula-
tions.

We derived synthesizedH� imagesby projectingthe three-dimensionaldatacube
onto the planeof the sky. We integratedthedensitysquaredalongthe line of sightand
usedthis asan estimatefor the emission. In Figure5.6 we presentan overview of the
point-symmetricshapeswe found. Varying the projectionangleproducesa plethoraof
morphologiesrangingfrom clearlyquadrupolar(e.g. Figure5.6 (� ; � ) = (000; 040)) to
multipolar(e.g.Figure5.6(120; 020)). Wecanalsochoseourprojectionanglesuchthata
morebipolar-likeshapeemerges,seee.g.Figure5.6 (160; 080), or evenanalmostround
shape(Figure5.6(140; 120)).

In Figure5.7thekinematicdatain theform of position-velocitydiagramsis presented.
Thesediagramscorrespondto theH� imagesof Figure5.6,where,for eachdiagram,the
`slit' waspositionedat the centreof the imageandran in the vertical direction. To be
representativefor currentobservations,weconvolvedtheposition-velocitydiagramswith
two-dimensionalGaussianswith a FWHM of 10 km s� 1 alongthe velocity axis, anda
FWHM of 0:0005 alongthe positionaxis (assuminga distanceof 1 kpc to the nebula).
Oneseesthat the point-symmetryis alsoretainedin thesediagrams.We presentlarger
versionsof threeof ourH� imagesandtheir correspondingposition-velocitydiagramsin
Figure5.8.

5.8.2 Comparisonwith observations

Since,evenwith thecurrentstate-of-the-artsupercomputerandAMR techniques,wecan
follow theevolution of theexpandingbubbleonly up to about1% (10%)of thephysical
sizeof a typical PN (proto-PN),it is dif�cult to make a quantitativecomparisonbetween
ourmodelsandtheobservations.However, althoughourmodelsarestrictly speakingonly
valid during this early development,we expectthe shapeimprintedon the wind blown
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Figure5.6: Grey scaleplotsof thesynthesizedH� images(inverted;darker shadesrep-
resenthigheremissionrates).Dif ferentprojectionsof thethree-dimensionaldatacubeat
t = 12yr areshown. Thesizeof eachboxis 334AU2 andthelog10 of thedensitysquared
integratedalongthe line of sight is plotted. Theanglesof rotation(� ; � ) for eachimage
areshown in the lower right corner, with � and� theusualsphericalcoordinateangles.
Thosepartsof thedisk thatwerenot yetsweptupby thewind are�ltered out.
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Figure5.7: Grey scaleplotsof thesynthesizedposition-velocitydiagramscorresponding
to theH� imagesof Figure5.6. Velocity is plottedalongthehorizontalaxisandranges
from � 33 to +33 km s� 1. Positionis plottedalongtheverticalaxisandrangesfrom 0 to
334AU. Thegrey scalerepresentsthelog10 of the�ux, (inverted;darkershadesrepresent
higheremissionrates). All diagramswereconvolved with a two-dimensionalGaussian
with a FWHM of 10 km s� 1 alongthe velocity axis, anda FWHM of 000:05 alongthe
positionaxis.
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Figure 5.8: Larger versionsof threesynthesizedH� imagesand their corresponding
position-velocity diagrams(consultFigure5.6 andFigure5.7 for moredetailson these
results).
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bubbleto persistinto laterphases,since,dueto the1=r2 decreasein density(createdby
anearlierAGB masslossphase)of theenvironmentat largerscales(104 AU), thebubble
will expandin aself-similarfashion(Icke 1988).

Whetherthe shell remainsmomentumdriven in the long term whenit expandsinto
a 1=r2 environmentdependson parameterslike the velocity and massloss rate of the
evolving fast wind, and the actualdensitydistribution in the surroundingmediumleft
behindby theearlierAGB phase.For example,detailedradiationhydrodynamicalcalcu-
lationsperformedby Mellema(1993),takinganevolving fastwind andionizationeffects
into account,showedthat thereis a transitionfrom momentumto energy driven �o w at
� 1000yr. We thereforeexpectthemultipolarshapeof thebubbleacquiredin theearly
stagesthroughourmechanismto persistfor at leastthis longaperiod.Thuswemayalso,
althoughtentatively, sincethe fastwind velocity is expectedto increasein time which
mayalter themorphologyof thebubble,compareour resultsto moreevolvedPNe. So,
if oneassumesthatthebubblewill expandself-similarly, it will have a sizeof � 104 AU
(for a PN of � 1000at a distanceof 1 kpc) at t ' 500yr, which arereasonablevaluesfor
observedPNe.

Whencomparingour H� imagesto observed objects,good candidatesthat can be
accommodatedby our model are the quadrupolarPNe K3-24 (Manchadoet al. 1996)
andNGC 7026(Cuestaet al. 1996;Solf & Weinberger1984),andtheproto-PNeM1-26
and M4-18 (Sahai& Trauger1998; de Marco & Crowther 1999). Although nebulae
ascompactas thosein our modelshave not yet beenobserved in suf�cient detail, the
morphologicalsimilarity with themoreevolvedobjectsjustmentionedsuggeststhatthey
representearlystagesof these.

Observed position-velocity diagramsfor NGC 7026 are presentedin Cuestaet al.
(1996),togetherwith aratherad-hockinematicmodel.Uponcomparisonof ourposition-
velocitydiagramswith theobservedoneswe�nd qualitativelysimilarstructures,strength-
eningthevalidity of our model.For K3-24 andthetwo proto-PNementioned,kinematic
dataareunfortunatelynot (yet)available.Anotherinterestingpropertyof observedpoint-
symmetricPNeis thatnotonly theimagery, but alsotheposition-velocitydiagrams,show
evidenceof point-symmetry(e.g.Guerreroet al. 1999;Harmanet al. 2004),like we �nd
in oursyntheticposition-velocitydiagrams.

5.9 Conclusions

We have presentedthree-dimensionalAMR simulationsfor the formationof multipolar
nebulae from the interactionof a fast sphericalstellarwind with a warpedcircumstel-
lar disk. Although two-dimensionalsimulationsdemonstratethemechanismbehindthe
creationof thesemultipolarbubbles,thepoint-symmetryof theproblemrequiresa fully
three-dimensionaltreatment.

From a calculationof the different time scalesof the problem,we determinedthe
boundariesof our parametersspace. We found that, althoughstellarevolution models
limit thefreedomof choicefor a numberof parameters,thescalingof thetime scalesis
suchthatonecanalways�nd apropersetof physicalparameters.

The in�uence of morerealistic radiative cooling usinga cooling curve was investi-
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gated,and it wasfound that, in order to resolve the bow shockthat generatesthe pro-
trudingpoint-symmetriclobes,high resolutionsimulationswererequired.Furthermore,
the resultingmorphologiesof the wind blown bubblesfound in thesetwo-dimensional
simulationsusinga coolingcurve did not differ qualitatively from theonesfound in the
simulationswheresimpli�ed cooling wasappliedthroughthe useof a low valueof the
adiabaticindex. Therefore,we usedthe latter, computationallylessexpensive cooling
strategy, for our three-dimensionalruns.

Whenanalyzingtheresultsfrom thethree-dimensionalcalculations,wefoundthatour
modelproducesa wide varietyof morphologies,rangingfrom multipolarto quadrupolar
andbipolar. All theseshapeswereextractedfrom onesingle time frameof onesingle
calculationby systematicallychoosinganumberof differentprojectionanglesfor thedata
cube. BesidesthesesyntheticH� images,we madethecorrespondingposition-velocity
diagrams,whichalsoclearlyshow thepoint-symmetryof themodel.

By comparinganumberof observed(proto-)PNewith thesemorphologicalandkine-
matic results,four compellingcaseswerefound. ThesearethequadrupolarPNeK3-24
and NGC 7026, and the multipolar proto-PNeM1-26 and M4-18. Since for K3-24,
M1-26, andM4-18 kinematicdatais not available,we couldnot compareour position-
velocitydiagramswith onesfor theseobjects,so,to furthertestandconstrainourmodel,
it wouldbevery interestingif thisdatacouldbeobtained.

The methodto arrive at the syntheticH� imagespresentedin this chapterdoesnot
includetheeffectsthatabsorptionmayhave. Absorptioneffectsmaychangetheresulting
imagefor thoselinesof sightwherethesweptupshellbecomesopticallythick. In orderto
facilitatesuchamoredetailedcomparison,projectionmodelsof radiativesolutionstaking
absorptioninto accountarecurrentlybeingcalculatedusinga newly developedray trace
algorithmespeciallysuitedfor the AMR datastructuresof the Flashcode(seeChapter
3). Furthermore,sincethis chapterpresentsonethree-dimensionalresultonly, it will be
of interestto runmoremodelswith differentwind-diskparametersto provide insightinto
thevariationin resultingmorphologies.
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5.A Derivation of the cooling time

Startingwith a slightly moregeneralversionof equation(13) in a paperby Kahn(1976)
for therateof lossof energy perunit mass

L = � i � � 2
H � sT � i

s (erg g� 1 s� 1) ; (5.13)

andfollowing asimilar derivationastheonegivenby Kahn,we �nd acoolingtime

tc;i =
3

2(1 � � i )
xtkBT1� � i

s

nH � i
: (5.14)

Expressingthe post-shocktemperatureTs asa functionof the shockspeedvs usingthe
Rankine-Hugoniotjumpconditions(e.g.Ostriker& McKee1988),we �nd

Ts =
v2

s �
kB

2(
 � 1)
(
 + 1)2

; (5.15)

anda coolingtime
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; (5.16)
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Using the derivative of equation(5.9) for the shockvelocity, the cooling time scalebe-
comes

tc;i = Ci

 
3 _Mwvw

32�

! 1
2 (1� � i )

�
� 1
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Usingequation(5.1)asa typical disk radius,andsettingt = t sp, we �nd thatthecooling
timescalesas
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acc � 4(� i � 1) : (5.19)



CHAPTER 6

3D simulationsof knots in the Helix

We studythephotoevaporationof multiple denseneutralknotswith physicalparameters
applicableto observed knots in the Helix planetarynebula (NGC 7293). The ionizing
photonsfrom the centralstarof this nebula inducean ionizationfront at the knot. This
resultsin ashockrunningthroughtheknot,which is followedby theionizationfront. We
show thatfor theHelix knotsconditionsaresuchthattheionizationfront velocityis much
lower thantheshockvelocity. This leadsto a thick layerof shockedmaterialbetweenthe
two fronts, resultingin anexpansionphaseoncetheshockhasleft thebackof theknot.
We analyticallyderive a condition for which this expansionoccursand show that this
is thesameconditionasusedby Bertoldi (1989)to discernbetweentwo regimesin the
evolutionof photoevaporatingclouds.Thisshowsthattheexpansionphasewe�nd in our
numericalsimulationsis in fact quite commonfor this type of process.We proceedby
presenting3D radiationhydrodynamicalcalculationsusingboth theparallelizedHybrid
Characteristicsaswell asthe explicitly photonconservingC2-Raymethod.After com-
paringthesetwo methodsfor a simulationinvolving a singlephotoevaporatingknot, we
describethedifferentinteractionsthatmayoccurbetweentwo of theseknots.Wequantify
theevolution of global �o w propertieslike theneutralmass,kinetic, andinternalenergy
of theknots,and�nish with asimulationof thephotoevaporationof awholeensembleof
knots. We compareour resultsto observationsof knotsin theHelix usingsyntheticH�
images,explainingsomeof theobservedfeaturesin thetail regionof theseknots.

E.-J.RijkhorstandG. Mellema
to besubmittedto Astronomy& Astrophysics

(Section6.5will besubmittedasaseparateLetter)
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6.1 Intr oduction

High resolutionobservationsof theHelix (NGC 7293)planetarynebula (PN) show tens
of thousandsof resolved knots(O'Dell & Handron1996;Meaburn et al. 1998;O'Dell
et al. 2004;Meixneret al. 2005). Theseknotsareknown to beof high densityandhave
extendedtails pointingaway from thecentralstar(CS).Their numberrapidly increases
whenmoving radially outwards,towardstheionizationfront of themainnebular compo-
nent,which is thoughtto bea thick disk (e.g.O'Dell 1998).Theknotsareoptically thick
to the incidentionizing radiationcomingfrom theCS,which thereforeinducesa photo-
evaporation�o w emerging from theheadof theknot. TheassociatedD-type ionization
front drivesa shockinto thedensematerialwhile slowly eatingits way throughtheknot,
andtheback-reactionof theknotmaterialto this �o w acceleratestheknotaway from the
source(Oort& Spitzer1955).

Becauseof limitations in computationalpower andalgorithmicconstraints,numeri-
calradiationhydrodynamicalsimulationsof suchphotoevaporatingknotstraditionallyfo-
cusedoncalculationsinvolvingasingleknotonly (e.g.Le�och & Lazareff 1994;Mellema
et al. 1998;Garć�a-Arredondoet al. 2001;Ragaet al. 2005;O'Dell et al. 2005). These
calculationsquantify propertieslike, for example,the emissionstructure,velocity, and
evaporationtime of singleknots. However, in PNelike the Helix, mostknotsoccur in
groupsandshow clearsignsof interactionamongthem.

To systematicallystudy the evolution of sucha group of knots, three-dimensional
high-resolutionradiationhydrodynamicalcalculationsarea requirement.First resultsof
suchsimulationswerepresentedby Lim & Mellema(2003),who studiedtheinteraction
amongtwo photoevaporatingknots.Here,we take thesecalculationsonestepfurtherby
performingnumericalsimulationsinvolving anensembleof knots.

Westartwith asummaryof theobservedpropertiesof theHelix knots,which giveus
thephysicalparametersfor our simulations,andbrie�y discusstheexisting scenariosfor
theorigin of theknots(Section6.2).

Section6.3 summarizesthenumericalmethodsusedto run thesimulations.We use
boththenewly developedphotonconservingC2-Raymethod(Mellemaet al. 2005),and
theHybridCharacteristicsmethodwhichwaspresentedin Chapter3. Sincethesemethods
containdifferentimplementationsfor thehydrodynamics,ray tracingandcomputational
mesh,we run sometestproblemsandcomparethe resultsobtained. This sectionalso
addressesthenumericalissuesof spatialandtemporalconservationof photons,important
for theoutcomeof thesimulations.

Section6.4describestheassumptionsandapproximationsthatwent into thesimula-
tions.

In Section6.5 we analyzetheevolution of a singlephotoevaporatingknot. We show
that theconditionthatdeterminesthethicknessof thelayerof materialbetweentheion-
izationfront andtheprecedingshockis importantfor theway in which theknot evolves.
We placethis conditionin thecontext of theparameterspacefor photoevaporatingknots
asintroducedby Bertoldi (1989),andshow thatthis is acommonandthereforeimportant
effect.

We continuewith a descriptionof a baselinecalculationinvolving a singleknot in
Section6.6.Thevaluesof thephysicalparametersspecifyingtheHelix knotsaredifferent
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from theonesnormallyusedin this kind of simulations.This signi�cantly alterstheway
in which aknotevolves,which is discussedin detail.

Section6.7 presentssimulationsinvolving two knots,showing thedifferenttypesof
interactionthatcanoccuramongthem,andtheimpactthesehave on theevolution of the
knots.

In Section6.8theresultsfor thephotoevaporationof anensembleof knotsaregiven,
whichwediscussandcompareto observationsof theHelix knotsin Section6.9.

Conclusionsaregivenin Section6.10.

6.2 Observedpropertiesof the Helix knots

To setthe stagefor the radiationhydrodynamicalsimulationspresentedin this chapter,
this sectiondiscussesobservedpropertiesof theknotsin theHelix nebula, andsomeof
thescenariosthatmayexplain theirorigin.

At a distanceof 213pc (Harrisetal. 1997),theHelix is thenearestPN. Its CShasan
extremelyhightemperatureof 123; 000K (Bohlin etal.1982),andaluminosityof 120L � .
Themassof theprogenitorof theHelix nebula is thoughtto be � 6:5 M � (Henryet al.
1999).Themainnebularcomponentis ageometricallythick disk,whichis ionizedupto a
radiusof 21000, andhasasymmetryaxisthatis tilted awayfrom theline of sightby � 23�

(O'Dell et al. 2004).Embeddedin thisdisk,startingata radiuswherethetransitionfrom
a highly ionized,HeII emitting centralregion, to a lower ionizationzoneemitting HeI
takesplace,tensof thousandsof denseknotsof � 100in diameterareobserved(O'Dell
et al. 2004;Meixneret al. 2005). Theseknotsrapidly increasein numberwhenmoving
outwardsfrom thesource,towardstheionizationfront.

The sideof a knot that facesthe staris ionizedand,dueto limb brightening,is ob-
servedasa cusp-like shapein H� and[NII] images.Thecoreregion of theknotson the
otherhandis observed in absorptionagainstthe bright nebular backgrounddueto dust
extinction (Meaburn et al. 1992).This absorptionincreaseswhentheknot lies relatively
closeto thesurfaceof thedisk. Theamountof extinction observedin [OIII] thusgivesa
lower limit for themassof theknots,which is approximately� 10� 5 M � , anda density
of � 105 cm� 3 (O'Dell & Handron1996;Meaburn et al. 1998). This assumesa dustto
gasratio in theknot of � 1=150, similar to thatof thegeneralinterstellarmedium.The
Helix is anoxygenrich PN,andany dustemissionis thereforeassumedto ariseprimarily
from silicates(Specket al. 2002).Thedensityof theionizedenvironmentis of theorder
of � 50cm� 3 (O'Dell & Handron1996).

CO observationsby Hugginset al. (2002) of one of the more prominentknots in
theHelix [designated378-801in thecoordinatesystemintroducedby O'Dell & Burkert
(1997)],show amainpeakthatis associatedwith thecoreof theknot,anda secondpeak
locatedat theedgeof thetail regionbehindthecore,wherethetail itself showsextended
(but weaker)COemissionaswell. Theobservedline width of thisCOemissionis slightly
broader(� 0:8 km s� 1) in thetail region thanfor theknot itself (� 0:5 km s� 1) (Huggins
etal. 2002).TheCOexcitationtemperatureis � 25K, andassumingaCOabundanceof
3� 10� 4, observationsof theCO�ux giveamolecularmassof at least10� 5 M � (Huggins
etal. 2002),consistentwith thevaluefoundfrom dustextinction. Velocitymeasurements
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obtainedfrom CO observationsof the knotsgive a kinematicageof the main nebular
componentof 5; 000� 10; 000 yr dependingon the adoptedmodel (e.g. Young et al.
1999;O'Dell et al. 2004).

TheH2 emissionof theknot378-801is observedasa limb-brightenedcuspto lie just
within thecuspobserved in H� +[NII], andis interpretedto bea thin photo-dissociation
region (Hugginset al. 2002). The tail of this particularlyknot alsoshows enhancedH2

emissionneartwo peaksin H� +[NII] (Hugginset al. 2002),which is thoughtto bedue
to theremainsof a secondknot that is partially shadowedfrom directstellarphotonsby
378-801(O'Dell et al. 2005).

A numberof scenarioshave beenproposedto explain the origin of the Helix knots
(for a summary, seeO'Dell & Handron1996). Oneof the optionsis an instability at
the ionizationfront, for exampleasa Rayleigh-Taylor instability (Capriotti 1973),or a
shadowing instability dueto small inhomogeneitiesin theinterstellarmedium(Williams
1999). Another option is instabilitiesdue to successive stellar winds as describedby
Garć�a-Seguraet al. (1996). The knotsmay alsooriginatefrom SiO maserspotsin the
atmosphereof the red giant progenitor. Dysonet al. (1989)consideredthis possibility
by studyingtheir survival during thesuccessive masslossphasesof theCS.Finally, the
knotsmay alsohave a primordial origin (seeO'Dell & Handron1996,and references
therein). Sinceit is far from clearwhich of thesescenariosis responsiblefor theorigin
of the knots,we chosethe initial shapeof the knots in our simulationsto be spherical,
althoughin reality thiswill probablynotbethecase.

Thischapterfocusesontheknotsin theHelix sincethisnebulahasbeenobservedex-
tensively, andmany physicalpropertiesof theknotsandthenebulaareknown. However,
knotssimilar to theonesin theHelix have beenobservedin thenearbyPNeNGC 2392
(Eskimo),NGC 6720(Ring),NGC 6853(Dumbbell),andIC 4406aswell (O'Dell et al.
2002), showing this type of knots to be a commonfeaturein PNe. This makes them
animportantingredientof thematerialthat is fed backinto the interstellarmedium,and
insightinto theprocessesthatcreateandshapetheknotsis required.

6.3 Numerical methods

In this sectionwe brie�y discussthetwo numericalmethodswe usefor thephotoevapo-
rationsimulationspresentedin this chapter. ThesearetheHybrid Characteristicsmethod
(Chapter3) asimplementedin theFlashcode(Fryxell et al. 2000),andtherecentlyde-
velopedC2-Raymethod(Mellemaetal. 2005).

Themaindifferencesbetweenthesecodesarethehydrodynamicssolver, themethod
of ray tracing,andthe meshutilized. The Flash codeusesa PPM type hydrodynamics
solver (Colella& Woodward1984)on anadaptive mesh,while theC2-Raymethodem-
ploys a Roetypesolver (Roe1986)on a regularmesh(althoughthis methodis capable
of handlingAMR aswell). However, themaindifferencebetweenthemethodslies in the
implementationof ray tracingandionizationroutines.

TheHybrid Characteristicsmethodusesdistributedray tracingasdescribedin Chap-
ter 3, makingit a fully parallelcode,whereastheC2-Raymethodtracesraysusingshort
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characteristicswhich is an intrinsically serialmethod.This hasimplicationsfor the im-
plementationof photonconservation,which is discussednext.

TheC2-Raymethodby Mellemaetal. (2005)representsanovel approachfor numer-
ically calculatingthe photo-ionizationand heatingrate on a discretizedcomputational
domainthatis explicitly photonconserving.It implementsspatialconservationby rewrit-
ing thehydrogenphoto-ionizationandheatingratein termsof theopticaldepth� � to the
cell andtheopticaldepth� � � over thecell.

Sinceduring a time step� t the ionization fraction in a cell actually changes,one
shouldcorrectfor this aswell. Theusualsolutionis to take a larger numberof smaller
time stepsto approximatephotonconservation (Abel et al. 1999;Shapiroet al. 2004).
However, Mellemaet al. (2005)proposea differentsolutionto this problemof temporal
conservationof photonsby introducinga time averagedionizationfraction. This is used
to �nd a timeaveragedopticaldepthfor thecell, therebylifting therestrictiononthetime
stepwith which the calculationhasto evolve. This time averagedoptical depthis also
usedto calculatetheionizationandheatingrates.

Anothercrucial aspectof the C2-Ray methodis that the orderof the cells through
which theraysaretracedis important.Sincetheionizationandheatingratesin cellsthat
lie furtheraway from thesourcedependon the ionizationfractionof cells that lie closer
to thesource,oneshouldstartat thesourceandtraceoutwardsto stayphotonconserving.
As alreadymentioned,this interdependency makestheir, andany otherphotonconserving
methodthatemployssuchacausalform of ray tracing,intrinsically serial.

As explainedin Chapter3, the Hybrid Characteristicsmethodtakesa differentap-
proachto ray tracing. Insteadof startingat the sourceandtracingoutwards,the ray is
split up into sectionsaccordingto thedistribution of theAMR patchesover thedifferent
processors.Partial columndensitiesalong thesesectionsaredeterminedby eachpro-
cessor, afterwhich they arecommunicatedandaccumulatedto arrive at thetotal column
densityfor eachcell. Throughthis process,parallelizationof ray tracingfor distributed,
decomposedcomputationaldomainsbecomespossible.

Unfortunately, this way of dealingwith columndensitiesmakesit dif�cult to com-
bine the methodof Mellemaet al. (2005)with the Hybrid Characteristicsmethodin a
consistentway. Since,for theHybrid Characteristicsmethod,columndensitiesare�r st
determinedfor all cells, and ionization fractionsare updatedafterwards (againfor all
cells), this meansthat for this methodphotonscanonly be conserved spatiallybut not
temporally.

In Section6.6.3we comparethetwo methodsto quantifytheerrormadewhenusing
the Hybrid Characteristicsfor the speci�c caseof photoevaporationsimulationsof the
Helix knots.

6.4 Assumptionsand approximations

This sectiondiscussesthe assumptionsandapproximationsusedin our simulationsof
photoevaporatingknots.Westartwith adescriptionof theimplementationof theradiative
cooling, followed by a discussionof the effectsstellar evolution may have. Although
the compositionof the gasin our simulationsis hydrogenonly, we do accountfor the
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presenceof helium in an approximateway. We also brie�y discussthe in�uence the
diffuseradiation�eld mayhaveon theoutcomeof thesimulations.

6.4.1 Radiativecooling

In PNethe main coolingprocessesareenergy lossthroughrecombination,collisionally
excitedline radiation,andbremsstrahlung.In oursimulations,radiativecoolingis approx-
imatedby usingthecollisionalequilibriumcoolingcurve � � from Dalgarno& McCray
(1972).Fromthis, thecoolingrateasa functionof temperaturefollowsas

�( T) = nenH � � (T) [ergcm� 3 s� 1] ; (6.1)

Thecoolingcurve wascalculatedby assumingthatall ionizationsarecollisional,which
is certainlynot thecasein thephotoionizedregionsin ournumericalmodels.Theway in
which we approximateradiative cooling in our simulationsis quitecrudein comparison
with simulationsperformedby for exampleMellema et al. (1998), who employ non-
equilibriumcoolingfor a largenumberof ions. Furthermore,insidetheknots,molecular
coolingmaybeof importanceaswell, which weneglectin ourcurrentmodels.

6.4.2 Stellar evolution and stellar wind

The massof the centralstarof the Helix is estimatedto be � 0:93 M � (Gorny et al.
1997). Togetherwith a kinematicageof the main nebular componentof � 10; 000yr
(e.g.Younget al. 1999;O'Dell et al. 2004),shows that thecentralstaris in a latephase
of its evolution for which the luminosityandeffective temperaturedo not changemuch
(Blöcker 1995)during the time spanof our simulationsof � 1500yr. Therefore,in our
models,we do not take the stellarevolution into account,but insteadkeepthe ionizing
stellar �ux constantthroughoutthe simulation. Furthermore,althoughin earlierstages
of theevolution of theHelix a stellarwind musthave beenpresentandprobablyplayed
an importantrole in shapingtheknots(seeSection6.2), thecurrentevolvedstateof the
Helix shows no observationalevidencefor sucha wind (Cerruti-Sola& Perinotto1985),
sowedo not includeit here.

6.4.3 In�uence of helium

Theknotsin theHelix areknown to lie just outsidethecentralnebular region thatshows
pronouncedHeII radiation(O'Dell et al. 2004). This meansthat the spectrumof the
radiationthatarrivesat theknotsis softerthanthestellarspectrum,sinceall photonswith
energiesabove54.5eV wereusedto ionizeHe+to He++(e.g.Osterbrock1989).

Althoughphotonsresultingfrom recombinationsfrom He++to He+haveenoughen-
ergy to ionizeHI andshouldthereforebetakeninto accountwhencalculatingtheioniza-
tion fractionsin theHe+regionsurroundingthecentralHe++core,weneglectthiseffect
here.Instead,wesimply integratethestellarspectrumupto afrequency correspondingto
54.4eV, andourresultsfor theevaporationtimegivenbelow thereforerepresentanupper
limit. Thenumberof ionizingphotonspersecondin this caseis S� = 7:1 � 1045 s� 1.
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Uponcomparisonof simulationsrun with andwithout high energy photons,we �nd
thattheknotstakesabout10%longerto evaporatein thelattercase.

6.4.4 Diffuse �eld

Ourcalculationsignorethediffuse�eld, which arisesmainly from therecombinationsof
hydrogen,with a smallercontribution dueto heliumandthescatteringof stellarphotons
by dustgrains. The diffuse �eld may be of importancesinceit is expectedto (partly)
ionize the shadow region behindthe knots. An assessmentof this effect wasmadeby
Cantoet al. (1998),who, usingthe `on the spot' approximation,found that the diffuse
�ux is � 15%of thedirectstellar�ux.

RecentlyRitzerveld (2005)showed that, whenonedropsthe `on the spot' approxi-
mation,thedirectstellar�eld actuallydecreasesin strengthin favour of thediffuse�eld
whenmoving outwardsfrom thesource.Effectively, moreandmoredirectstellarphotons
get`converted'into diffusephotonswhenmoving outwards,sothatatsomeradiusr eq the
diffuse�eld startsto dominatethedirectstellar�eld. Ritzerveld (2005)alsoshowedthat
this effect only slightly diminishesfor a harddirect stellarspectrum.Furthermore,the
fact that, in theHelix' case,theknotsareembeddedin a thick disk insteadof a sphere,
will slightly increasethe diffuse�ux, but only nearthe surfaceof the disk (Ritzerveld,
priv. comm.).

For ahomogeneousdensitydistribution,whichweassumethedisk in whichtheknots
areembeddedto have,theradiusr eq atwhich thediffuseradiation�eld becomesequalto
thedirectstellar�eld is givenby Ritzerveld (2005)as

req = RS

�
1 � 2� B =� 1

� 1=3
' 0:88RS ; (6.2)

with RS the Strömgrenradius,� B the hydrogenrecombinationcoef�cient to all but the
groundstate,and� 1 thehydrogenrecombinationcoef�cient to thegroundstateonly.

Although the inclusionof ionizationeffectsdueto helium may slightly changethis
result,we usethis valuefor r eq asan estimatefor the radiusat which the diffuse�eld
startsto becomeimportant. So for the knots in our simulations,which lie at � 35%
of theStrömgrenradius,the diffuse�eld canbe safelyignored,sinceat this radius,the
diffuse�ux is . 10%of thedirectstellar�ux whenwe assumea homogeneousdensity
distribution.

6.5 The expansionphaseof photoevaporating clouds

In this sectionwedescribetheevolutionof thephotoevaporationof asinglecloud1. Ana-
lytical (Bertoldi1989;Bertoldi& McKee1990)andnumerical(Le�och & Lazareff 1994;
Mellemaet al. 1998)work hasshown that this evolution consistof two distinctphases:
thecollapsephasewhereanionizationfrontseatsits way into thecloud,driving a shock

1This sectionusestheterm`cloud' insteadof `knot', sinceits resultsapply to moregeneralcasesthan
just to theHelix knots.
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Figure6.1: Schematicdepictionof thecloud. Ionizing radiationis comingfrom theleft,
creatingan ionization front (thick solid line) and a shockfront (thin solid line). The
original extentof thecloudis indicatedby thedashedcircle. Threedifferentregionscan
be discerned:region 0 containsunshocked, neutralcloud material. Region 1 contains
shocked,neutralcloudmaterial. Region 2 is ionizedandcontainsthe photoevaporation
�o w. A shadow region in whichnodirectstellarphotonscanpenetrateis indicatedby the
hashedregion to theright of thecloud.

whichcompressesit, followedby thecometaryphase,duringwhich thecloudgetsaccel-
eratedthroughthe`rocketeffect' (Oort& Spitzer1955)while beingphotoevaporated.

Although elaboratedescriptionsof thesephaseshave beengiven before (Bertoldi
1989;Bertoldi & McKee1990;Le�och & Lazareff 1994;Mellemaet al. 1998),thepa-
rameterswe usefor our simulationaretailoredto the Helix nebula, which signi�cantly
alterstheway in which thecloudevolves.

6.5.1 Compressionphase

At thestartof theevolution of thecloud it is assumedthat thesourcehasjust switched
on. Its ionizingradiationheatsathin layerof gasat thehemisphereof thecloudthatfaces
thesource,which stronglyraisesthethermalpressurein thatlayer, anda sphericalshock
is driveninto thecloud.Thisshockis followedby theionizationfront whicheatsits way
into thecloud,ionizing it alongtheway (seeFigure6.1).

Previouscalculationsassumedthatthelayerof shockedgasbetweentheshockandthe
ionizationfront is thin (Bertoldi 1989),or, in otherwords,theionizationfront's velocity
is only slightly smallerthantheshockvelocity. Thismeansthat,duringtheperiodof time
theshockneedsto travel all thewaythroughthecloud,theionizationfront movesthrough
a signi�cant partof thecloudaswell, shapingthecloudinto its distinctiveparabolic(or
cometary)form.

The changeof shapeof the ionizationfront from sphericalto parabolicalcausesthe
directionof �o w to get focusedtowardsthe axis of symmetry, to a region somewhere
beyond the initial centreposition of the cloud (cf. Bertoldi 1989; Le�och & Lazareff
1994).By thetimetheshockhastraveledall thewaythroughthecloud,mostof theinitial
masshasbeenphotoevaporated,andanover-pressured,densecore,containingtypically



6.5The expansionphaseof photoevaporating clouds 95

� 10%of theoriginalmass,is left.
In thecaseof moredensecloudsandalowerionization�ux from thesource,likeis the

casefor theknotsin theHelix nebula, theevolution duringtheinitial compressionphase
proceedsdifferently. Becauseof therelatively high densityof thecloud,in combination
with the relatively low ionizing �ux of thesource,thevelocity of the ionizationfront is
signi�cantly lower thanthe shockvelocity. This meansthat the shocked layer between
theionizationfront andtheshockis not thin. On thecontrary;by thetime theshockhas
traveledall the way throughthe clump, only a small fraction of � 20%of its original
masshasbeenphotoevaporated.

The fact that the ionizationfront doesnot closelyfollow the shockalsomeansthat
thelatterdoesnotgetdriventowardstheaxisof symmetry, but insteadmovesalongit. In
thesecasesit is thereforebetterto speakof acompression,ratherthanof acollapsephase.

6.5.2 Shocked massafter compression

An analyticalestimateof the amountof shocked massM 1 that is left at the endof the
compressionphaserelative to the initial massM 0 canbe calculated(seeMellemaet al.
1998)

M1

M0
= 1 �

F
n0vs

; (6.3)

whereF is the�ux of ionizingphotonsreachingtheionizationfront at thesymmetryaxis,
n0 is theinitial numberdensityof thecloud,andvs is theshockvelocity. In thecaseof a
strongisothermalshock(e.g.Zel'Dovich & Raizer1967),

vs =
�

P1

� 0

� 1=2

; (6.4)

with P1 thepost-shockpressure,and� 0 theinitial massdensityof thecloud.
Assuminghydrostaticequilibrium, andusing the fact that the ionization front is of

D-critical type(Kahn1954),thepressuredriving theshockis givenby

P1 = 2F mc2 ; (6.5)

with m ' 1:3mH theaveragemassperatom.Usingequations(6.4)and(6.5)in (6.3),one
�nds

M1

M0
= 1 � � ; (6.6)

with theparameter� de�ned by

� �
�

F
2c2n0

� 1=2

: (6.7)

Thephoton�ux F dependson thenumberof recombinationstakingplacein the re-
gion betweenthesourceandthecloud,includingtherecombinationstakingplacein the
photoevaporation�o w, andcanbeapproximatedby (e.g.López-Mart́�n etal. 2001)

F (� ) '
�
2

" �
4F� cos(� )

�
+ 1

� 1=2

� 1

#

; (6.8)
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Figure6.2: Schematicdepictionof theevolutionof theshapeof theshockandionization
front for thecaseof a thin (top row) anda thick (bottomrow) layerof shockedmaterial
betweentheshockandtheionizationfront. Time increasesfrom left to right. Thedashed
circleshowstheinitial extentof thecloud,thethick line theionizationfront, andthethin
line theshock.Thedashedline segmentsshown in theimageson theright representthe
ring-likestructureof enhanceddensitywherethe�o w converges(seealsoFigure6.3).

with � � c2
2=(r0! � B) and� asde�ned in Figure6.1. Here,c2 is thesoundspeedof the

ionizedmaterial,r 0 the initial radiusof thecloud,! ' 0:1 a constantwhich dependson
theassumeddensitypro�le of the photoevaporation�o w (e.g.Henney & Arthur 1998),
and� B thehydrogenrecombinationcoef�cient for recombinationsto all but theground
level.

6.5.3 Shapeof the shock

As mentionedabove, theshapeof theshockduringthecompressionphaseis determined
by theevolving shapeof theionizationfront. Whenthelayerof shockedmaterialbetween
the ionizationfront andthe shockis thin, the shockgetsfocusedtowardsthesymmetry
axis,whereasfor a thick layerthis focusingeffect is lesssevere.Figure6.2schematically
showsthetypicalevolution for thetwo cases.

Theshockvelocity of equation(6.4) dependson thephoton�ux of equation(6.8) at
theionizationfront throughequation(6.5)for thepressure.Sincethe�ux is a functionof
theangle� , theshockvelocity alsodependson this angle.Theshockvelocity decreases
with increasing� , which meansthat thesectionof theshockcloseto thesymmetryaxis
outrunsthesectionthatis closeto theedgeof thecloud.This leadsto agradualdistortion
of theshapeof theshockasshown in Figure6.2,whichat somepointbecomessosevere
that it producesa kink. Cloudmaterialpassingthroughtheshockacquiresa velocity in
thedirectionof shockpropagation,andthereforeaccumulatesin a 'ring' behindthekink.
This effect is illustratedin moredetail in Figure6.3. From the numericalsimulations
presentedbelow we �nd that the densityin the 'ring' is a factor � 2 higher than the
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Figure6.3: Detail of thedistortedshapeof theshockfront (solidcurvedline). After pas-
sageof thebentshock,thecloudmaterialacquiresavelocityperpendicularto it (arrows),
which, behindthe kink, leadsto the accumulationof material in a ring-like structure
(dashedline, correspondsto thedashedline segmentsof Figure6.2).

densityat thesymmetryaxis.

6.5.4 Expansionand cometaryphase

Thecompressionphaseendswhentheshockfront leavesthebacksideof thecloud.While
the shockwastraveling throughthe cloud, thehigh pressurelayer wascon�ned on one
sideby theionizationfront andon theotherby theshock.Now thattheshockhasleft the
cloud,thispressuregetsreleasedandararefactionwavetravelsfrom therearof thecloud
towardstheionizationfront, wherethering of high densityproducedin thecompression
phaseactsasa`channel'throughwhichthiswavetravels.Thisgreatlyreducesthedensity
of thecloudwithin theregion containedby thering, which expandsin a directionalong
thesymmetryaxis,away from thesource.Thethicker thelayerof high pressurematerial
left at theendof thecompressionphase,themoreimportanttheexpansionphasebecomes
for the�nal stagesof theevolutionof thecloud.

Whentherarefactionwave arrivesat theionizationfront, thedropin densitychanges
theconditionsat thefront from D-critical to M-type,andasecondshockis formedwhich
quickly travelsthroughtheremainsof thecloud,acceleratingit asecondtime. Thiseffect
waspredictedby Kahn(1954),andnoticedbeforein numericalsimulationsby Le�och &
Lazareff (1994),who identi�ed it asradialoscillations.

Whentheoscillationshavebeendamped,thecloudenterswhatis oftenreferredto as
thecometaryphase.During this phase,thecloud is acceleratedin its entiretydueto the
`rocketeffect' (Oort& Spitzer1955),andcanreachaconsiderablevelocity(� 10km s� 1)
beforeit is completelyphotoevaporated.
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Thethicknessof thepressurizedlayerbetweentheionizationfront andtheshock,as
parametrizedby the factor� of equation(6.7), determinesthe shapethecloud acquires
duringtheexpansionphase.For a thin layer(i.e. � > 1=2), mostof thecloudmaterialis
evaporatedduringthecompressionphase,andacompactcoreof shockedmaterialis left.
Whentheionizationfront movesfastenough,shockstraveling inwardsfrom thesidesof
thecloudconvergeon thesymmetryaxisbeforethepartof theshocktravelingalongthis
axiscanleave therearsideof thecloud. Also, thering structurehardlygetsa chanceto
develop,sincetheconverging ionizationfront quickly destroys it.

For cloudsthatdevelopa thick layerof shockedgas(i.e. � < 1=2), thering structure
hasenoughtime to grow. Also, in this case,theshockdoesnot getfocusedontotheaxis
andcantravel all thewaythroughthecloud,leadingto asigni�cant expansiononceit has
left it. Apart from expandingin adirectionaway from thesource,thecloudalsoexpands
laterally, andswellsup to a sizecomparableto its initial dimensions.This increasesthe
surfaceareaexposedto the ionizing radiation,which acceleratesthe destructionof the
cloud.

So,in summary, theevolution of thecloudis dominatedby theevolving shapeof the
ionizationfront when� > 1=2, andby theshapeof theshockwhen� < 1=2.

6.5.5 Cloud parameter space

Bertoldi (1989)de�nes a parameterspacefor photoevaporatingcloudsspannedby two
dimensionlessparameters� and� , which, in ournotation,aregivenby

� �
� Br0n0

c2
; (6.9)

and

� �
vs0

c2
=

�
2F�

n0c2

� 1=2

; (6.10)

wherevs0 � vs(F = F� ) is theinitial shockvelocity. Theparameter� is ameasurefor the
initial columndensityof thecloud,whereas� representsthedimensionlessinitial shock
velocity.

In Figure6.4 we reproducethe parameterspaceof Figure1 from Bertoldi (1989).
Theregionswherephotoevaporationeffectsareimportantareregion II andIII, for which
conditionsin thecloudareinitially M-type. As explainedby Bertoldi (1989),for clouds
in region II, a shockprecedesthe D-critical ionizationfront, andthe shockpropagates
fasterthroughthecloud thanthe ionizationfront. The transitionfrom region II to III is
determinedby thecondition

vs = c2 ; (6.11)

so for cloudsin region III, the shockvelocity would exceedc2. Sincethis is physically
notpossible(cf. Bertoldi1989),theconditionsin therecombiningphotoevaporation�o w
will besuchthattheshockvelocity is limited to c2.

Conditionsfor cloudsin region I areof weakD-type andthey arephotoevaporated
only slowly, without the occurrenceof a shock. Conditionsfor cloudsin region IV are
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Figure6.4: Reproductionof Figure1 of Bertoldi (1989)showing theparameterspacefor
photoevaporatingcloudsin termsof the dimensionlessparameters� and� . For regions
II andIII, the ionizationfront drivesa shockinto the cloud. The dashedline represent
 = ! � 1. Circlesindicatethedifferentmodelsdiscussedby Bertoldi (1989),thetriangle
is themodelby Mellemaetal. (1998),andthesquaredenotesmodel1K of this chapter.

R-type,andthey are`zapped'instantaneously. Cloudsin regionV havesucha low initial
columndensitythatasteadystatephotoevaporation�o w cannotdevelop.

Bertoldi (1989)alsointroducedaphotoevaporationparameter , de�ned by

 �
� BF� r0

c2
2

= � 2� =2 ; (6.12)

andaparameterq, de�ned by

q � F� =F (q � 1) : (6.13)

Throughtheseparameters,two regimesareidenti�ed. Whenrecombinationsin thepho-
toevaporation�o w arenot importantonehas

q = 1 for all  < ! � 1; (6.14)
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whereaswhenrecombinationsin thephotoevaporation�o w areimportantit follows that

q(q � 1) ' !  for all  > ! � 1; (6.15)

where! ' 0:1 (cf. Bertoldi 1989,SectionIIIc). Following Bertoldi (1989),we approxi-
mate(6.15)by q ' (!  )1=2, andusingequation(6.12)in equation(6.15)we �nd

q ' � (! � =2)1=2 for all  > ! � 1: (6.16)

Usingequation(6.13)onecanrewrite (6.10)as[seealsoequation(6.4)and(6.5)]

� =
vs

c2
q1=2 ; (6.17)

andusingcondition(6.11),we �nd

� = 1 for all  < ! � 1; (6.18)

and
� ' (! � =2)1=2 for all  > ! � 1: (6.19)

Equation(6.18) togetherwith equation(6.19) representthe line dividing region II from
region III in Figure6.4.

Wenow returnto theparameter� asde�ned by equation(6.7). Comparingthisequa-
tion to equation(6.10),we �nd that

� = 2�q 1=2 : (6.20)

Socondition(6.11)togetherwith equation(6.17)gives

� = 1=2 ; (6.21)

whichwasshown aboveto representthetransitionfrom a thick to a thin layerof shocked
gasbetweentheionizationfront andtheshock.

In otherwords,theconditionthatdividestheparameterspaceof Figure6.4into region
II andIII, is thesameconditionthatdetermineswhethera thick or a thin layerof shocked
gasdevelopsbetweentheionizationfront andtheshock.This meansthatall photoevap-
orating cloudsin region II developa thick layer of shocked material, andthereforeare
expectedto show astrongexpansionwhentheshockleavesthebackof thecloud.

6.6 Evolution of a singleknot: baselinecalculations

In this sectionwe describea numericalmodelfor thephotoevaporationof a singleknot
thatwe useasa baselinecalculationto which we compareour photoevaporationsimula-
tionsof multipleknotspresentedin subsequentsections.All parameterswerechosensuch
asto matchthephysicalconditionsobservedin theHelix nebulaascloselyaspossible.
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Table6.1: Parametersfor thesingleknot (1K) baselinemodel.
ne [cm� 3] Te [K] nk [cm� 3] Tk [K]

50 10,000 5 � 104 20

6.6.1 Initial conditions

Here,we describethe initial conditionsfor thebaselinecalculationpresentedin Section
6.6.2below, which is performedwith theHybrid Characteristicsmethod.A comparison
of thismethodwith thephotonconservingC2-Raymethodis presentedin Section6.6.3.

Sincethe mechanismfrom which the knotsoriginateis unknown (cf. Section6.2),
we take the initial shapeof theknotsto be spherical,althoughit is likely that in reality
theknotshaveamorecomplex initial shape.For thesamereasonweuseahomogeneous
distribution for theinitial massdensityof theknot. Theknot hasa radiusof 5 � 1015 cm
andis locatedatadistanceof 5 � 1017 cm from thesource.

In caseof the Helix, the sourcehasa luminosity of L � = 120L � andan effective
temperatureof T� = 120; 000K, with a black-bodyspectrumthat is cut off at 54.4eV to
accountfor theeffectsof helium(seeSection6.4).Thisresultsin arateof S� = 7:1� 1045

ionizingphotonspersecond.
Simulationsperformedwith the Hybrid Characteristicsmethodusea computational

domainof size (56; 4; 4) � 1016 cm, so that it containsthe sourceaswell as the knot.
Thebaselevel of theAMR hierarchyof patchesconsistsof a total of (224; 16; 16) cells,
andthreeadditionallevelsof re�nementgiveit aneffectiveresolutionof (1792; 128; 128)
cells.For thesimulationsdonewith theC2-Raymethodweemploy aregulargrid contain-
ing (256; 128; 128)cellsandaphysicalsizeof (8; 4; 4)� 1016cm, wheretheleft boundary
is locatedat a distance48 � 1016 cm from the source.Thesechoicesfor the resolution
resultin aknot thatis resolvedby 32cells.

Initial valuesfor the densityand temperatureof the knot and the environmentare
given in Table6.1. The densityandtemperaturearechosensuchthat the knot andthe
environmentareinitially in pressureequilibrium.To preventnumericalcomplications,the
outer5% of theknot is givena linearslopeto ensurea moregradualtransitionbetween
theenvironmentandtheknot.

6.6.2 Singleknot simulations

In Figure6.5we illustratetheevolution of a singlephotoevaporatingknot for thecaseof
model1K obtainedwith theHybrid Characteristicsmethod.

The compressionphaseof the knot, shown on the left in Figure6.5, endsat around
� 500yr whenthe shockleavesthe backof the knot. By this time, about20%of the
knot's materialhasevaporated,andtheshockhascompressedthematerialby a factorof
� 3, leadingto a densityof � 1:5 � 105 cm� 3 anda temperatureof � 650K alongthe
symmetryaxis, anda densityof � 3 � 105 cm� 3 anda temperatureof � 250K at the
outeredgeof theknot. At theendof the compressionphase,theknot hasa velocity of
� 3 kms� 1. Note that the valuesfor the densityandtemperatureareonly indicative of
actualvaluesbecauseof theapproximatecoolingandthehydrogenonly compositionof
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Figure6.5: Evolution sequenceof thecompressionphase(left) andtheexpansionphase
(right) for a single knot. Shown are xy-cuts throughthe centreof the computational
domainof Schlierenplotsof thelog10 of thedensity. In aSchlierenplot, the�rst derivative
of aquantityis plottedin orderto bringoutsteepgradientsin the�o w. In theleft column,
timeincreasesin equalintervalsfrom t = 125yr (top) to t = 500yr (bottom).In theright
column,time increasesin equalintervalsfrom t = 750yr (top) to t = 1500yr (bottom).
(Seetext for moredetails).

thegas. Also notetheevolution of theshapeof theshock,which is in accordancewith
thedescriptionof Section6.5.

Theexpansionphaseis shown on the right of Figure6.5. The expansionlowersthe
densityof theknotalongthesymmetryaxisto � 5 � 103 cm� 3 at � 1000yr. At this late
stagein theevolution,approximately40%of theinitial knotmaterialhasevaporated.

6.6.3 Global �o w propertiesand photon conservation

As mentionedabove,theevolutionof aphotoevaporatingknotconsistsof severalphases.
Thissectiondiscussesthesephasesin termsof someglobalpropertiesof the�o w, andthe
importanceof photonconservationfor theevolutionof thesequantities.

In Figure6.6, we show the resultsof a comparisonbetweenthe C2-Ray methodby
Mellemaet al. (2005),which conservesphotonsspatiallyaswell astemporally, andthe
Hybrid Characteristicsmethodwith spatialphotonconservation only. The top row of
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Figure6.6: Global�o w propertiesof the1K baselinecalculationasa functionof time for
boththeHybrid Characteristicsmethod(solidanddashedlines),andtheC2-Raymethod
(dashed-dottedanddottedlines). The top panelshows theneutralknot mass(solid and
dashed-dottedlines),andthetotal neutralmass(dashedanddottedlines),with thediffer-
encebetweenthesetwo quantitiesplottedbeneath.Thebottompanelshows thekinetic
(solidanddashed-dottedlines)andinternal(dashedanddottedlines)energy of theknots.
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Figure6.6 shows theneutralknot massmk andthetotal neutralmassmtot asa function
of time,beneathwhich we show thedifferencebetweenthesetwo quantities,m tot � mk .
Thelatterquantityis ameasurefor theamountof neutralmaterialin thephotoevaporation
�o w and the tail region. The bottomrow shows the kinetic and internalenergy of the
neutralknotmaterialasa functionof time. Weuseda thresholdof 10%of theinitial knot
densityto determinewhetheror not a cell containsknot material. All timesmentioned
below referto theresultsobtainedwith theC2-Raymethod.

As canbeseenfrom theseplots,thetwo methodsshow thesameoverallevolutionary
behaviour, althoughtheHybrid Characteristicsmethodclearlyoverestimatestheamount
of photo-heating.This resultsin a fasterevolution of theknot, anda higherinternaland
kinetic energy. We note that, besidesthe differencesin ray tracing, the two methods
alsoemploy differentsolversfor thehydrodynamics(seeSection6.3 for details),which
mayin�uencetheoutcomeof thesimulationsaswell. Theseresultsshow thatquantitative
results(e.g.theevaporationtime)obtainedfrom calculationsthatdonotconservephotons
shouldbeinterpretedwith care.

During thecompressionphase,which lastsuntil t � 700yr, thereis asteadydecrease
in mk , while mtot � mk ' 0:03mk(t = 0) staysapproximatelyconstant.This implies
that thedecreasein neutralknot materialis mainly dueto thephotoevaporationprocess,
andthattheincreaseof neutralmaterialthroughaccretionin thetail region is negligible.
Thekineticandinternalenergy of theneutralclumpmaterialbothshow asteadyincrease
duringthecompressionphase.

The transitionfrom the compressionto the expansionphaseat t � 700yr is char-
acterizedby a slight increasein themasslossratefor mk , andthusa steadyincreaseof
mtot � mk . This is causedby the expansionwave that runsfrom the backof the knot
towardsthesourceoncetheshockhasleft theknot. This transitionalsoformstheonset
of the'rocket effect' wheretheknotstartsto acceleratein its entirety. Thisshowsup in a
steeperincreaseof thekineticenergy, andaslight decreaseof theinternalenergy.

Whentheexpansionwavearrivesat theheadof theknot at t � 1200yr, thelowering
of the densityat the ionization front producesanothershock(seeSection6.5), which
acceleratestheknotasecondtime. This is re�ectedin a furthersteepeningof theslopeof
thekineticenergy plot. By this time,theknothasdevelopedacentralregionof decreased
density.

At t � 2200yr, only � 20%of theoriginalneutralmaterialis left, andthekineticand
internalenergy of theneutralknot materialstartto decreaseastheknot getscompletely
evaporated.

6.7 Two knots: specialcases

Beforewe presentphotoevaporationsimulationsof an ensembleof multiple knots,we
�rst concentrateon somespeci�c interactionsthat may occurwhenonly two knotsare
present.Detailsof the setupof thesemodelscanbe found in Table6.2. The resultsof
thesecalculationswill helpus in identifying similar interactionsin simulationswherea
wholeensembleof knotsis beingphotoevaporatedsimultaneously.

We start with a calculationwherethe photoevaporation�o ws of two knots that lie
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Table6.2: Summaryof initial knot positions(in unitsof 1015 cm) usedfor thedifferent
simulationsinvolving two knots. The sizeof the computationaldomainis (64; 4; 4) �
1016 cm. All knotsarelocatedat thecentreof thedomainin thez-direction.Parameters
for densityandtemperaturearethesameastheonesusedfor model1K.

pos 2KIF 2KIF' 2KIK 2KSK
(x1; y1) (50.0,1.25) (50.0,1.25) (50.0,1.75) (50.0,1.75)
(x2; y2) (50.0,2.75) (50.5,2.75) (51.0,2.25) (56.0,2.25)

at a similar distancefrom the sourceinteract. We thenpresenta simulationwhereone
knotpartially obscuresanotherthatlies furtheraway from thesource,wherethedistance
betweentheknotsis chosensuchthat thetwo will interacthydrodynamicallyduring the
expansionphase.We �nish with a similar calculationbut now the knot that is partially
shadowedlies at a greaterdistancefrom theotherknot, to ensurethatno directhydrody-
namicalinteractiontakesplaceamongthetwo knots.Apart from thelattersetup,similar
calculationshave beendonebeforeby Lim & Mellema(2003). Like in the casefor a
singleknot,wediscusstheresultsby identifyingsignaturesin theglobalpropertiesof the
�o w.

6.7.1 2KIF: interacting �o ws

Here,we studythe interactionof photoevaporation�o ws originatingfrom two knotslo-
catedatasimilardistancefrom thesource.Thedistancebetweentheknotsis chosensuch
that their photoevaporation�o ws will interact,leadingto a region of enhanceddensity
betweenthe two knotswherethese�o ws collide. Whentheknotsarewell aligned,this
interactionzonecanbecomedenseenoughto recombineand,eventually, mayevencast
a shadow. However, for the physicalconditionsin the Helix, the recombinationtime is
. 2500yr, which is too long to make thisadynamicallyimportanteffect.

In Figure6.7 andFigure6.8 we show theevolution of this interactionfor two cases:
for the �rst model (2KIF), the knotsareat an equaldistancefrom the source,and for
thesecondmodel(2KIF'), oneknot is locatedslightly furtheraway in orderto breakthe
symmetryof the problem. From theseimagesoneseesthat, apartfrom the formation
of an interactionregion betweenthe knots, the evolution proceedsroughly the sameas
in baselinemodel1K. This is alsore�ected in thealmostidenticalcurvesfor theglobal
propertiesof the�o w asshown in Figure6.9.

6.7.2 2KIK: interacting knots

This sectiondescribesthe interactionof two photoevaporatingknots(model2KIK). For
this setup,the distancebetweenthe knotswaschosensuchthat, oncethe knot that lies
closestto thesourcestartsto expandandaccelerate,it will interactwith thesecondknot.

The resultsof this interactionare shown in Figure 6.10. During the compression
phase,theknotsarestill fairly separated,andtheknot thatis partiallyshadowedis driven
into theshadow region of theknot that lies closerto thesource.Whenthecompression
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Figure6.7: Model2KIF: 3D calculationsof theevolutionof two knotsthatlie at thesame
distancefrom the source. Shown are xy-cuts throughthe centreof the computational
domainof Schlierenplots of the log10 of the density(left) andsynthesizedH� images
(right). Time increasesin equalintervalsfrom t = 316yr (top) to t = 1580yr (bottom).
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Figure6.8: Model2KIF': 3D calculationsof theevolutionof two knotsthatlie atapprox-
imately thesamedistancefrom thesource.Shown arexy-cutsthroughthecentreof the
computationaldomainof Schlierenplotsof thelog10 of thedensity(left) andsynthesized
H� images(right). Timeincreasesin equalintervalsfrom t = 316yr (top) to t = 1580yr
(bottom).
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Figure6.9: Global �o w propertiesasa function of time comparingthe 1K (solid and
dashedlines)and2KIF' (dashed-dottedanddottedlines) models.The top panelshows
theneutralknot mass(solid anddashed-dottedlines),andthetotal neutralmass(dashed
anddottedlines),with thedifferencebetweenthesetwo quantitiesplottedbeneath.The
bottompanelshows thekinetic (solid anddashed-dottedlines)andinternal(dashedand
dottedlines) energy of the knots,wherefor model2KIF' valueshave beendivided by
two.
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phasehas�nished, theknotsmergeandarebeingacceleratedasa singleentity. As can
beseenfrom theevolution of theglobalpropertiesof the�o w shown in Figure6.11,this
resultsin a slightly longerevaporationtime anda lower averagekinetic energy for the
knots.Theinteractionalsoleadsto aslightly largeramountof neutralmaterialin thetail
region,asis evidentfrom thetoppanelof Figure6.11.

6.7.3 2KSK: shadowing knots

The evolution of a knot that is far enoughaway from any otherknot to not interacthy-
drodynamicallyduring its lifetime may still be in�uenced by the shadowing effect of
knotsthat lie closerto thesource.This effect is investigatedin model2KSK, for which
two knotsarepositionedsuchthatonepartially obscurestheotherfrom thedirectstellar
photons,while the distancebetweenthe two is chosenlarge enoughto prevent any di-
recthydrodynamicalinteractionamongthem.Theresultsof this simulationareshown in
Figure6.12and6.13.

This sequenceof imagesshows thatonly thesideof theknot that is partially illumi-
natedby thesourcestartsto photoevaporate.Thesidewaysout�ow from theknot makes
thatit is drivenfurtherinto theshadow region,andtheknotmaterialacquiresatransverse
velocity. After theshockhaspassedall theway throughthesecondknot the increasein
pressuremakesthat thematerialexpands.Since,in the tail region behindthe �rst knot,
thereis no ionizing radiationthatcaninducepressureto counterthis expansion,this ma-
terial spreadsthroughouta large part of this region. Any materialthat �o ws out of the
shadow region getsphotoevaporatedimmediately, andthe backreactionkeepsmostof
thematerialcon�ned. After the �rst knot is fully evaporated,thematerialfrom thesec-
ondknot is exposedto thedirect radiationof thesource,andstartsto photoevaporateas
well.

Themechanismjust describedprovidesaneffective meansfor dispersingknot mate-
rial throughouta largeportionof space.Sincein thismodeltheknotsarechosento beso
far apartthatno hydrodynamicalinteractiontakesplaceamongthem,thematerialof the
secondknot thatis driveninto theshadow region is notbeingsweptup by theremainsof
the�rst knotaswasthecasefor model2KIK. To thecontrary:thematerialof thesecond
knotspreadsextensively throughouttheshadow region.

This is alsore�ected in theevolution of global �o w propertiesshown in Figure6.14.
This �gure shows that the amountof neutralmaterialthat getscon�ned in the shadow
region increasesdrastically, andreachesa maximumvalueof � 30%of the initial mass
of theknot. Thesubsequentphotoevaporationof this materialduring the laterphasesof
theevolutionshowsupassmallpeaksin thekineticandinternalenergy at t ' 1700yr.

6.8 Multiple knots

In this sectionwe presenta calculationinvolving the simultaneousphotoevaporationof
anensembleof 25 knots(model25K). Theseknotsaredistributedrandomlythroughout
theregion([50; 56]; [1; 7]; [1; 7]) � 1016 cm of acomputationaldomainof size(64; 8; 8) �
1016 cm. This domainhasan effective resolutionof (2048,256,256)cells. The density



110 3D simulationsof knots in the Helix

Figure 6.10: Model 2KIK: 3D calculationof the evolution of two interactingknots.
Shown are xy-cuts throughthe centreof the computationaldomainof Schlierenplots
of the log10 of the density(left) andsynthesizedH� images(right). Time increasesin
equalintervalsfrom t = 316yr (top) to t = 1580yr (bottom).
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Figure6.11: Global �o w propertiesasa function of time comparingthe 1K (solid and
dashedlines) and2KIK (dashed-dottedanddottedlines) models. The top panelshows
theneutralknot mass(solid anddashed-dottedlines),andthetotal neutralmass(dashed
anddottedlines),with thedifferencebetweenthesetwo quantitiesplottedbeneath.The
bottompanelshows thekinetic (solid anddashed-dottedlines)andinternal(dashedand
dottedlines)energy of theknots,wherefor model2KIK valueshavebeendividedby two.
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Figure6.12: Model 2KSK: 3D calculationof the evolution of two knots,whereone is
partiallyobscuredfrom directstellarradiationby another. Shown arexy-cutsthroughthe
centreof thecomputationaldomainof Schlierenplots of the log10 of thedensity. Time
increasesin equalintervalsfrom t = 316yr (top) to t = 2220yr (bottom).
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Figure6.13: Model 2KSK: 3D calculationof the evolution of two knots,whereoneis
partially obscuredfrom direct stellar radiationby another. Shown aresynthesizedH�
images.Time increasesin equalintervalsfrom t = 316yr (top) to t = 2220yr (bottom).
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Figure6.14: Global �o w propertiesasa function of time comparingthe 1K (solid and
dashedlines)and2KSK (dashed-dottedanddottedlines)models.The top panelshows
theneutralknot mass(solid anddashed-dottedlines),andthetotal neutralmass(dashed
anddottedlines),with thedifferencebetweenthesetwo quantitiesplottedbeneath.The
bottompanelshows thekinetic (solid anddashed-dottedlines)andinternal(dashedand
dottedlines) energy of the knots,wherefor model2KSK valueshave beendivided by
two.
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of the knots is selectedrandomlyfrom the range[2:5; 7:5] � 104 cm� 3, andthe radius
is selectedfrom the range[3:75; 6:25] � 1015 cm. This givesa space�lling factor of
approximately25(4� =3)(5=60)3 ' 0:06.

The resultsof this simulationareshown in Figure6.15and6.16. For this particular
setup,all threeinteractionsthat may occurbetweentwo knotsasdescribedin Section
6.7 actuallydo take place. Wispsof emissionseenin betweenknotsresultingfrom the
collision of their photoevaporation�o ws (asin model2KIF') areclearlyseenin thesyn-
thesizedH� images,whereasthe Schlierenplots show the effectsof obscurationfrom
directstellarphotonsleadingto knotmaterialexpandinginto thetail regions(asin model
2KSK), anddirecthydrodynamicalinteractionamongtheknots(asin model2KIK).

The in�uence of all theseeffects togetheron the global propertiesof the �o w are
shown in Figure6.17. Theaveragephotoevaporationtime is increasedby a factor� 1:5
ascomparedto model1K, andthemaximumamountof neutralmaterialin thetail regions
is approximately� 20%of the initial massof the knots. Due to merging of knotsand
theexpansionof knotmaterialinto thetail regions,theaveragetotalkineticenergy of the
neutralknot materialis a factor� 0:4 lower thanin thecaseof model1K. Theaverage
internalenergy of theneutralknotmaterialon theotherhandis slightly higherthanin the
caseof model1K, andis comparableto theaveragetotal kineticenergy.

6.9 Discussionand comparisonto observations

In thissection,wecomparetheresultsof the3Dsimulationstoobservationsof knotsin the
Helix nebula. FromtheSchlierenplots,shown in for exampleFigure6.5of model1K, one
canseethat,assoonastheexpansionphasehasstarted,theinternalstructureof theknot
startsto deviateseverelyfrom theinitial homogeneousstate.However, theappearanceof
theknot in H� still showsalimb-brightenedcusplikeshape(seefor exampleFigure6.7).
Note that thestructurein theH� emissionin thesynthesizedimagesasseenin thecore
regionof theknotwill in realitybeinvisibledueto dustextinction.

The differencein appearancebetweeninternalstructureandobserved shapecanbe
explainedby the thicknessof the layer of photoevaporatingmaterialstreamingof the
knot,which keepstheionizationfront away from theknot's distortedshape.This means
that the knots in the Helix may be in an evolved state,closeto, or even beyond, the
transitionfrom thecompressionto theexpansionphase.For example,a cut throughthe
[OIII] imageof knot 378-801(seeO'Dell et al. 2005,their Figure11) shows a gradual
decreasein extinction whenmoving from thecoreof theknot into thetail region,which
couldbeinterpretedasevidencefor expansionof theknot.

Suchanevolvedstatefor theknotsmayalsoberequiredby thekinematicageof the
nebula. Whetherthe knotsare in an evolved stagealsodependson which mechanism
responsiblefor theorigin of theknotsoneadheresto. However, theobservedhighdensity
in thecoreregion of theknotssuggestthey cannot have expandedtoo muchyet, unless
they were of even higher densityin the past. Theseconsiderations,togetherwith the
evaporationtimesobtainedfrom our numericalsimulations,suggestan ageof at most
� 1000yr for theknots.

The 'wispy' emissionobserved in betweenmany of the knots in the Helix can be
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Figure6.15: Model 25K: 3D calculationof theevolution of 25 photoevaporatingknots.
Shown arexy-cutsthroughthecentreof thecomputationaldomainof Schlierenplotsof
the log10 of the densityfor timest = 64, t = 316, t = 950, andt = 1580yr (top to
bottom).
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Figure6.16: Model 25K: 3D calculationof theevolution of 25 photoevaporatingknots.
Shown aresynthesizedH� imagesfor timest = 64, t = 316, t = 950, andt = 1580yr
(top to bottom).
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Figure6.17: Global �o w propertiesasa function of time comparingthe 1K (solid and
dashedlines) and25K (dashed-dottedand dottedlines) models. The top panelshows
theneutralknot mass(solid anddashed-dottedlines),andthetotal neutralmass(dashed
anddottedlines),with thedifferencebetweenthesetwo quantitiesplottedbeneath.The
bottompanelshows thekinetic (solid anddashed-dottedlines)andinternal(dashedand
dottedlines) energy of the knots,wherefor model25K valueshave beendivided by a
factorof 25.
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explainedby Model 2KIF('). This emissionis theninterpretedasresultingfrom thecol-
liding photoevaporation�o ws. As mentionedby Lim & Mellema(e.g.2003),this same
mechanismcanexplain theinteractionzoneobservedin betweentwo proplyds(e.g.Gra-
hametal. 2002;Brandneretal. 2000).For suchobjects,thiseffect is expectedto beeven
moreprominentbecauseof therecombinationtimescale,which is shortcomparedto the
evolutionarytimescaleof proplyds.

The resultsof model2KSK supportstheassertionmadeby O'Dell et al. (2005)that
the peaksobserved at the edgeof the tail region of knot 378-801are the result of (a)
partially shadowedknot(s),andcanalsoexplain theextendeddust(Meaburn etal. 1992)
andmolecularemission(Hugginset al. 2002) observed in the tail region of this knot.
Theappearanceof long tailsobservedbehindproplydsin for exampletheCarinaNebula
(Smithetal. 2003),maybetheresultof thismechanismaswell.

Model 25K of multiple photoevaporatingknotsshows that the mechanismof model
2KIK cansigni�cantly prolongthesurvival of theknots.Also, themechanismof model
2KSK drasticallyincreasesthe amountof neutralmaterialin the tail regionsassociated
with theknots.Althoughthemostprominentknotsin theHelix aresingle,thebulk of the
knotsoccurin closegroups(seefor exampletheH� imagesin O'Dell et al. 2004,2005;
Meixneret al. 2005),sothesetwo mechanismswill beof importancefor theamountand
densityof theneutralmaterialthateventuallysurvivesthePNstageandgetsfedbackinto
theinterstellarmedium.

6.10 Conclusions

Wehaveshown thatthephysicalconditionsin theHelix knotsaresuchthattheionization
front, inducedby the ionizing radiationfrom the centralstar, hasa lower velocity than
theshockthatprecedesit. This leadsto a thick layerof shockedmaterialbetweenthese
two fronts, which, oncethe shockhasleft the backof the knot, startsto expand. We
analyticallyderiveda conditionfor which suchanexpansionphaseoccurs,andshowed
that this is the samecondition introducedby Bertoldi (1989) to discernbetweentwo
regimesfor photoevaporatingclouds. This implies that this expansionphaseis in facta
commonandthereforeimportantphasein theevolutionof photoevaporatingclouds.

The3D radiationhydrodynamicalsimulationspresentedin thischapterinvolvingmul-
tiple knotsillustratethedifferentinteractionsthat take placeamongthis typeof objects.
Theinteractionof theevaporation�o ws leadsto enhancedemissionin H� , thecollision
of oneknot with another, partially shadowed,knot, resultsin a longerevaporationtime
andlowervelocityof theknots,andthepartiallyshadowing of aknot thatlies farenough
away from any otherknot to preventhydrodynamicalinteractionleadsto thedispersion
of a largeamountof theknot's materialinto theshadow region. Thesesimulationsthus
show thatcalculationsinvolving just oneknot areinsuf�cient in describingtheevolution
of mostof theknotspresentin theHelix nebula.
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NumeriekeNevels

Numerieke techniekenvoor hetoplossenvandevergelijkingenvandegasdynamicazijn
gedurendedeafgelopenvijftig jaarsteedsverderontwikkeld. Met behulpvandezetech-
niekenkunnendeeffectenvanin astrofysischeobjectenveelvoorkomendeverschijnselen
alsschokgolvenenanderediscontinü�teitenaccuraatberekendworden.Andereprocessen
die eenbelangrijke rol spelenin dedynamischeevolutie vandezeobjectenzijn de ioni-
satie,verhittingenkoelingvanhetgas.In numeriekemodellenis hetdanookvanbelang
heteffectvandezestralingsprocessenopdeenergiebalansvanhetgasmeetenemen.Om
het modelzo realistischmogelijk te maken is het verdernoodzakelijk dat de simulaties
in driedimensieswordenuitgevoerd.Zulkedrie-dimensionalestralingshydrodynamische
berekeningenzijn metdehuidigestandvanzaken in supercomputertechnologiebinnen
bereikgekomen.

Eénvandevelemogelijke (astrofysische)toepassingenvandezenumerieke technie-
ken is hetmodellerenvandeevolutie vanPlanetaireNevels. Dezegasvormigeobjecten
vertegenwoordigendelaatsteevolutiefasein hetlevenvansterrenmeteenmassavan1� 8
zonsmassa's. Gedurendedezefaseverliestdesterhetgrootstedeelvanhaarmassain een
aantal,elkaaropeenvolgende,sterrenwinden,waarbij eenuitgebreideschil van circum-
stellairmateriaalgevormdwordt. Dehetekernvandesterioniseertenverhitdit materiaal
wat vervolgenskoelt endaardooroplicht. Het waargenomenobjectwordt eenPlanetaire
Nevel genoemd.Dewisselwerkingtussendegasdynamische-enstralingsprocessenheeft
eengrotevariëteitaanverschijningsvormentot gevolg.

Omdatwordt aangenomendat alle sterrenmeteenmassavan1 � 8 zonsmassa's de
PlanetaireNevel fasedoorlopen,is hetvanbelanghundynamischeevolutie te begrijpen.
In dit proefschriftwordteenaantalaspectenvandezeevolutiemetbehulpvannumerieke
modellennaderonderzocht.

Numerieke technieken

Voor het numeriekberekenenvan de evolutie van astrofysischegasstromenwordt vaak
gebruik gemaaktvan eenrekenrooster. Zo'n roosterdiscretiseertde ruimte in cellen,
waarbijelkeceleengemiddeldevandewerkelijkefysischetoestandvanhetgasrepresen-
teert.Omdeevolutievanhetgasin detijd tekunnenvolgen,wordteenspeciaalhiervoor
ontwikkeldetechniekgebruikt,waarbijdematerie�ux vancel tot cel wordt bepaald.De
�ux wordt gebruiktom de nieuwetoestandvan het gasin de cel uit te rekenen. Deze
zogenaamdè�nite volume' benaderingzorgt ervoor dat globalegroothedenals massa,
impulsenenergiebehoudenblijven.Eenanderbelangrijkaspectis datdegebruiktetech-
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niek schokkenenanderediscontinü�teitenin hetgascorrectvolgt. Eenaantalmethoden
omdit tebewerkstelligenis beschikbaar. VooraldemethodevanGodunov (1959)is hier-
voorzeergeschiktgebleken,omdatdezedediscontinü�teitendoormiddelvanslechtseen
paarcellenkanrepresenteren.Hogereordeuitbreidingenop Godunov's methodemaken
hetmogelijk datook destromingspatronenbuitendegebiedenwaardediscontinü�teiten
optredenmetgrotenauwkeurigheidzijn tevolgen.

Dezojuistbeschrevenmethodeberekentdestromingvanhetgasoverhetgehelecom-
putationeledomeinmeteenzelfde,hogenauwkeurigheid.Echter, voor veeltoepassingen
is dezenauwkeurigheidslechtsnodig in eenbeperktdeelvan het domein,bijvoorbeeld
daarwaarschokkenoptreden.Omrekentijdengeheugentebesparenwordtdanookvaak
gebruikgemaaktvandetechniekvan`AdaptiveMeshRe�nement' (AMR). Het principe
achterdezemethodeis datderesolutiealleenin die gedeeltenverhoogdwordt waarhet
nodig is, waarbijderestvanhetdomeinop eenlagereresolutiewordt uitgerekend. Met
behulpvaneenspeciaalcriteriumwordendecellengevondendie voor ver�jning in aan-
merkingkomen.Dezewordenverzameldin rechthoekiggevormdedeelgebieden(grids)
doorgebruikte makenvaneenpatroonherkenningsalgoritme.Door dit procesrecursief
teherhalingwordendever�jningsniveauśeénvoor éénopgebouwd.

Om deAMR methodevervolgensop eenparallellesupercomputerte kunnengebrui-
ken wordt zogenaamdèdomaindecomposition'toegepast. Iedereprocessorbeschikt
slechtsovereendeelvanhettotalecomputationeledomein,waarbijdesubdomeinenmet
elkaarverbondenwordendoormiddelvanzogenaamdèghostcells'. Deze`ghostcells'
zorgener ook voor datelk grid alseenlosstaandeentiteitdoordegasdynamicamethode
kan wordenbenaderd.Detailsvan de hierbovenbeschreven technieken voor het nume-
riek berekenenvan de gasdynamicamet behulpvan eengeparallelliseerdeAMR code
staanbeschrevenin hoofdstuk2.

Stelnudaterzichopeenbepaaldelocatiein hetcomputationeledomeineenstralings-
bron(datwil zeggeneenster)bevindt. Om deinvloedvandestralingvandezebronop
dedynamicameetenemen,moetendeionisatiegraadentemperatuurvanhetgasbepaald
worden.Hiertoeis hetnoodzakelijk lichtstralenvanuitdebronnaarelkecel tevolgenom
zodoendedeinvloedvandestralingophetgastekunnenberekenen.Dit wordtechterbe-
moeilijkt doordathetdomeinnietalleenverdeeldis oververschillendeprocessoren,maar
ook is opgesplitstin gridsmetverschillendeafmetingen,wat hetvolgenvandelichtstra-
len bemoeilijkt. In hetalgemeenzal eenlichtstraalover meerderesubdomeinenengrids
lopen,zodathetnoodzakelijk is de berekeningop te splitsen. In hoofdstuk3 wordt een
nieuw ontwikkeldemethodebeschreven, genaamdHybrid Characteristics, die dit mo-
gelijk maakt. Dezemethodeis gë�mplementeerdin de publiekelijk beschikbareAMR
gasdynamicacodeFlash1.

EenvoorbeeldvanhetopsplitsenvanlichtstralentengevolgevandeAMR structuur
van het computationeledomeinis te zien in Figuur 7.1. In eeneerstestapwordende
bijdragentengevolgevandelocalesectiesvandeverschillendelichtstralenuitgerekend.
Vervolgenswordendezegecommuniceerdnaaralle processoren,waarnaelke processor
beschiktoveralle informatievanalle localesecties.Doordelocalesectieste interpoleren
en vervolgensop te tellen, wordt de totalebijdragevan elke lichtstraalberekend. Het

1http://flash.uchicago.edu/
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Figuur7.1: Voorbeeldvanhetopdelenvan lichtstralentengevolgevanAMR zoalstoe-
gepastin deHybrid Characteristicsmethode.

interpolatieschemais zodaniggekozendat, in het geval van eenhomogeneomgevings-
dichtheid,deexacteoplossinggevondenwordt.

Uitgebreideschalingstestenvan de Hybrid Characteristicsmethodewordengepre-
senteerdin hoofdstuk4. Hierbij wordt gekeken naarde prestatievan de methodebij
eentoenemendaantalprocessoren.Omdatdehoeveelheidgegevensdiegecommuniceerd
moetwordentussendeprocessorentoeneemtals functievanhunaantal,is er eenlimiet
aanhet aantalprocessorenwaarvoor de methodenog ef�ci ënt te gebruiken is. De test-
resultatenlatenzien dat de methode,afhankelijk van het type supercomputer, praktisch
inzetbaaris voor tenminste100� 1000processoren.

Dedynamischeevolutie van PlanetaireNevels

De late fasenin de evolutie vaneenstermet eenmassavan1 � 8 zonsmassa's worden
gekenmerktdoormassaverlies. TijdenshetstadiumvanRodeReusis desterzodanigin
afmetinggegroeiddatde zwaartekrachtin de buitenstelagenzeerzwak is. Stofdeeltjes
die zich in dezerelatiefkoelelagenkunnenvormenwordenversnelddoorstralingsdruk
geleverddoorde ster. De stofdeeltjesslepenhet gasmee. Dit resulteertin eenstellaire
wind meteenmassaverliesvanongeveer10� 5 zonsmassa's per jaareneensnelheidvan
ongeveer10kilometerperseconde.Hierdoorverliestdesterin eenperiodevanongeveer
100000jaarhetgrootstedeelvanhaarmassa.

Zodraer nogmaareenkleinehoeveelheidmateriein denabijheidvandekernvande
steraanwezigis, begint dePlanetaireNevel fase.De effectieve temperatuurvandekern
loopt op tot ongeveer10000Kelvin, wat eentweedefasevan massaverliesinzet. Deze
nieuwestellairewind heeft,tenopzichtevandevoorgaande,eenveel lagermassaverlies
vanongeveer10� 8 zonsmassa's per jaareneenveelhogereuitstroomsnelheidvanmeer
dan1000kilometerperseconde.

Het hierbovengeschetstebeeldleidt op eenvanzelfsprekendemaniernaarhetscena-
rio vande`InteractingStellarWinds' (ISW); gedurendedePlanetaireNevel fasebotstde
snellewind vanlagedichtheidmetdelangzamewind vanhogedichtheid,die is achterge-
blevenuit deRodeReusfasevandester. Dezeinteractieresulteertin deformatievaneen
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Figuur7.2: Voorbeeldvaneendoorstralingseffectenvervormdecircumstellairedisk.

hetebel vangasmetdaaromheeneendunneschil vanhogedichtheid.De hoge-energie
fotonenvandesterioniserenenverhittendit gas,watdedynamischeevolutiebë�nvloedt.
Het gasin de resulterendenevel koelt en wordt zichtbaarin het optischedeel van het
spectrumalseenPlanetaireNevel.

Alhoewel dewaargenomeneigenschappenvansferischePlanetaireNevelsmetbehulp
van het ISW-scenarioverklaardkunnenworden,zijn de meestePlanetaireNevels niet
exact rond, maarelliptisch of bipolair van vorm. Dit heeftgeleid tot eengeneralisatie
vanhetISW-scenario.Hier wordtaangenomendathetmassaverliestijdensdeRodeReus
fasenietsferisch,maarasymmetrischverloopt,waarbijdedichtheidin delangzamewind
toeneemtvanpool naarequator. Als desnellewind vervolgensbotstmetzo'n torö�dale
massaverdelingontstaateenbipolairenevel. Dit modelis zeersuccesvol geblekenin het
verklarenvandewaargenomeneigenschappenvanveelPlanetaireNevels.

HogeresolutieHubbleSpaceTelescopewaarnemingenvan jongePlanetaireNevels
latenechtermorfologiëenziendie moeilijk te verklarenzijn in decontext vanhetgege-
neraliseerdeISW-scenario.Met namedeveelvoorkomendepunt-symmetrischeof multi-
polairenevelsvormeneenuitdaging.

Eén manierwaaroppunt-symmetriekan wordenverkregen, voorgestelddoor Icke
(2003),is teveronderstellendatdeverdelingvanmassain deomgeving vandesterpunt-
symmetrischvanaardis. Zo'n verdelingkanontstaanalseencircumstellaireschijf van
gaswordtblootgesteldaandestralingvandester. Hetverschilin stralingsdrukaanhetop-
pervlakvandeschijf resulteertin eeninstabiliteitdie ervoorzorgt datdeschijf vervormt
(zieFiguur7.2).

In hoofdstuk5 wordennumeriekemodellenvandeinteractievaneensnellewind met
zo'n vervormdeschijf gepresenteerd.Twee-dimensionalesimulatieslatenzien dat een
boegschokzich rond de binnenrandvan de schijf vormt, wat eenmultipolairenevel tot
gevolg heeft. Door dekoelingstijdschaalmetdedynamischetijdschaalvanhetmodelte
vergelijken,kaneenbepaaldgebiedin deparameterruimteaangewezenwordenwaarvoor
dit modelgeldig is. De resultatenvan dezeberekeningenlatenzien dat het meenemen
vandeeffectenvanenergieverliesdoorkoelingvanessentieelbelangzijn om dit model
te latenwerken.Doordepunt-symmetrievanhetprobleemzijn twee-dimensionalesimu-
latiesechterniet voldoendeenis hetnoodzakelijk om drie-dimensionalesimulatiesuit te
voeren. De resultatenvan dezeberekeningenwordenomgezetin synthetischeobserva-
ties.Doordezete vergelijkenmetwaargenomenPlanetaireNevels,zijn eenaantalgoede
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Figuur7.3: Detail vaneenHubbleSpaceTelescopewaarnemingvankleineschaalstruc-
turenin deHelix nevel. De centralester, verantwoordelijk voor dezestructuren,bevindt
zich (opschaal)ongeveermiddenonderaandezepagina.

kandidatengevondenwaarvandemorfologiemetdit modelverklaardkanworden.
NaastdeintrigerendeglobaleverschijningsvormenvanPlanetaireNevels,latenwaar-

nemingenook structuurop kleinereschaalzien.Hetbestevoorbeeldhiervanis tevinden
in deHelix nevel. In dezemeestnabijgelegenPlanetaireNevel wordentienduizendenvan
zulkekleineschaalstructurenwaargenomen(zieFiguur7.3).Dezestructurenbestaanuit
eenkernvanhogedichtheid,met`staarten'die vandecentralestervandaangerichtzijn.
Het gedeeltevan de kern dat blootgesteldwordt aande ioniserendestralingvan de ster
wordt waargenomenals eenoplichtenderandvan materiaal.Dit impliceertdat het ma-
teriaalin dekernendoordestralingwordt gëevaporeerd,waarbijeenionisatiefrontzich
langzaameenweg door de kern baant. Aangezienwaarnemingenvan anderPlanetaire
Nevelssoortgelijke kleineschaalstructurenlatenzien,wordt aangenomendatzeop een
bepaaldmomentin deevolutie vanalle PlanetaireNevelsvoorkomen.Als dit zo is, dan
zaleenaanzienlijkefractievandemateriediewordt teruggevoerdin hetinterstellaireme-
diumbestaanuit dezekernenvanhogedichtheid.Omdatdemeestevandezestructurenin
groepenvoorkomen,zodatonderlingeinteractietussendeevaporatiestromenendehoge
dichtheidskernenplaatsvindt,is hetwenselijkomdeevolutievaneencompletegroepvan
dezestructurentevolgen.

In hoofdstuk6 wordt de dynamischeevolutie van zo'n groepmet behulpvan drie-
dimensionalemodellenbestudeerd.Eerderenumeriekeenanalytischeberekeningenlaten
zien dat dezeevolutie bestaatuit tweefasen:eencompressiefase,waarbij het ionisatie-
front eenschokinduceert,gevolgd dooreen`komeet-fase',waardekernversneldwordt
doorhetzogenaamdèrocketeffect' (Oort& Spitzer1955).De fysischeparametersvoor
de kleineschaalstructurenin de Helix zijn echterenigszinsverschillendvanwat tot nu
toe werd aangenomenvoor dit soortsimulaties.Dit heeft tot gevolg dat de evolutie op
eenanderemanierverloopt. Doordatvoor dezeparametersde snelheidvan het schok-
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front hogeris dandesnelheidvanhet ionisatiefront,kanzich eenrelatiefdikke laagvan
geschoktmateriaaltussendezetweefrontenvormen. Het gevolg is dathetgas,aanhet
eindevan de compressiefase,begint te expanderen,waardoorook de `komeet-fase' op
eenanderemanierverloopt.Analytischeberekeningenlatenziendatdevoorwaardevoor
hetoptredenvandezeexpansiefase,identiekis aande voorwaardedie eerderdoor Ber-
toldi (1989)afgeleidis voor het onderscheidenvan tweeregimesin de foto-evaporatie
vandit soortkernenmethogedichtheid.Dit laatziendatdeexpansiefase,die in denu-
merieke simulatieswordt gevonden,in werkelijkheid eenveelvoorkomendverschijnsel
is. De simulatiestonenverderaandat,doordeinteractietussendekernen,eengrootge-
deeltevanhetgëevaporeerdemateriaalin destaartgebiedenterechtkomt,wateenlangere
evaporatietijdtot gevolg heeft.
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